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Notation

nm

K is a global field (finite extension of Q or Fy(t) where ¢ is a prime
power),

-

K, is the completion of K at a place v € Mg, and thus is a local field,

= For S C Mk a finite set of places of K containing all the infinite primes,
the = € K such that
lz|, <1

is called an S-unit and the group of S-units is denoted by Zs.
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Overview

Siegel Theorem

Let E/K be an elliptic curve with Weierstrass coordinate function z,y, let
S C Mk be a finite set of places of K containing Mg’ . If Zg is the set of
S-integers of K, then

{P€ E(K):xz(P) €Zs}

is finite.
Or, more generally

Siegel Theorem (General form)

Let P € Q[z,y] be an irreducible polynomial of two variables, such that the
affine part C' := {(z,y) : P(x,y) = 0} either has genus atleast 1, or has atleast
three points on the line at infinity, or both. Then, C' can have only finitely
many points (z,y) € Z>.
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Overview

Faltings Theorem

Let C'/K be a non-singular curve defined over K of genus atleast 2, then the
full set of rational points C(K) is finite.

Saferevi¢ Theorem

Let S C Mk be a finite set of places containing Mz . Then, upto isomorphism
over K, there are only finitely many elliptic curves E/K having good reduction
at all primes not in S.
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Diophantine Approximation

Diophantine approximation

Approximation of real numbers [Dirichlet]

Let « € R\Q. Then, there are infinitely many rational numbers p/q € Q such
that

Along the same lines, we have

Approximation of algebraic numbers [Liouville]

Let o € Q with degree d > 2 over Q. Then, there is a constant C(«) such that
for all rational numbers p/q
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Diophantine Approximation

Approximation exponent

Definition

Consider the property:

Let « € K,d = [K(a) : K], and let v € Mg be an absolute value on K that
has been extended to K («). Then, for any constant C there exist only finitely
many = € K satisfying the inequality:

C

T —aly <
|z — a] (@)@

K is said to have approximation exponent 7 if it has the above property.

Progress Report

Liouville, 1851: 7(d) = d + € is an approximation exponent for every ¢ > 0
Thue, 1909: 7(d) = d/2+ 1+ € for every € > 0

Siegel, 1921: 7(d) = 2v/d + € for every € > 0

Gelfond, Dyson, 1947: 7(d) = v/2d + ¢ for every € > 0

Roth, 1955: 7(d) = 2 + € for every € > 0

L
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Diophantine Approximation

Diophantine approximation applied to estimate integral points

Consider the Pell equation
z® — 241/5 =a

with solutions (x,y) € Z?, and a € Z. Suppose (z,%) is a solution and y # 0,
and w is a primitive 3-rd root of unity. Now, if we factor the equation as

Since w7 {/2,j = 1,2 is not real, therefore the two terms on the right in the
product is bounded away from 0, and thus we have the estimate

(f - Vi) <&
Y y°

for some constant C' independent of x,y. Now, using Roth’s theorem or even
Thue, we can conclude that there are only finitely many integral solutions to
the Pell equation.
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Diophantine Approximation

Distance Functions

Definition
Let C'/K be a curve, let v € Mg, and fix a point @ € C(K,). Choose a

function tg € K, (C) that has a zero of order e > 1 at ) and no other zeros.
Then, for P € C(K,), we define the v-adic distance from P to ) by

du(P,Q) = min { [to(P)1}/*,1}
(If tg has a pole at P, we formally set |t (P)| = oo, so d,(P,Q) = 1)
Proposition
Let Q € C(K,) and let f € K, (C) be a function that vanishes at (). Then,

the limit | P
i Jogli(P)
PEC(K,),P—=Q log d. (P, Q)

= ordg(f)

exists and is independent of the choice of the function ¢g used to define

dy(P, Q).
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Diophantine Approximation

Restatement of Roth’s theorem

Proposition

Let C1/K and C3/K be two curves, and let ¢ : C1 — C be a finite map
defined over K. Let @ € C1(K,) and let e4(Q) be the ramification index of ¢

at Q. Then,
i log d,, (¢(P), p(Q))
11m
PeC) (K,),PQ log d., (P, Q)

= es(Q)

Now, we can interpret Roth's theorem in terms of distance functions.

Corollary

Fix an absolute value v € M. Let C'/K be a curve, let f € K(C') be a
non-constant function, and let @ € C(K). Then,

lim inf M > —2
PEC(K),P—=Q log Hi (f(P))
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Siegel’s theorem

Siegel’s theorem

Lemma

Let E/K be an elliptic curve with #F(K) = oo. Fix a point P € E(K), a
non-constant even function f € E(K), and an absolute value v € Mg ().
Then,
lim log d. (P, Q) =
PEC(Ky),P—3Q log hy(P)

Siegel's Theorem

Let E/K be an elliptic curve with Weierstrass coordinate function z, y, let
S C Mg be a finite set of places of K containing Mg . If Zg is the set of
S-integers of K, then

{P€ E(K):xz(P) €Zs}

is finite.
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Siegel’s theorem

Proof of Siegel’s theorem

1. We wish to apply the lemma to f = x.
2. Suppose there is a sequence of points P; € E(K) such that z(P;) € Zg

3. he(P;) = ﬁ Z log max{1, |z(P;)

vV} since for v € S, we have

|z(P;)]s < 1.
4. In particular, we can find a subsequence of points P; (relabel if necessary)
such that h,(P;) < #S - log |x(P;)|. (note that n, < [K : Q])

5. This allows us to conclude that |z(F;)|, — oo, and since O is the only
pole of x, we can conclude that d,(P;,0) — oo

6. The function x has a pole of order 2 and no other poles, so we may take
our distance function to be d,(P;, 0) = min{|z(P;)|, "/* 1}

7. Then, for sufficiently large ¢, we have
log d, (P;, O) - 1
he(P;) T 2#S

8. This contradicts our lemma, which says that the LHS goes to 0 as i goes
to infinity.
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Siegel’s theorem

Corollary of Siegel theorem

Corollary

Let C/K be a curve of genus one, let f € K(C) be a non-constant function,
and let S and Zs be as defined before. Then,

{PeC(K): f(P) € Zs}

is a finite set.
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Siegel’s theorem

Application

Consider the Diophantine equation
(’1/2 =24+ Az + B

where A, B € Z and 4A% + 27B? # 0. Suppose there are infinitely many
rational points P1, Pa,... € E(K) (reorder them if necessary so that they are
in order of non-decreasing height of z-coordinate) and write

z(P;) = a;/b;

in lowest terms. Take a subsequence P;; of integral points, then

lai;| > |bi,| = 1.

The function x has pole of order 2 at O. Therefore, 2~ must have zero of
order 2 at O.
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Siegel’s theorem

Application contd..

Take @ = O in our distance formula to obtain

log dy(Pi;, O) = log min{|z(F; )] Y21}

1 . 1
= —logminq —
2 ‘(I,/

But, by definition h.(P;;) = lugnmx{\(z,j ,1} =log \u,j . Therefore,
log (1,,(]7,/4():),/’/7v,‘(l_’,]) > —1/2 as j — oo. This is a contradiction to our
lemma. Hence, proved.
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Siegel’s theorem

Quantitative Siegel’s theorem

Siegel's theorem is not effective! A conjecture of Serge Lang tries to study the
relationship between the number of integral points and rank of the
Mordell-Weil group:

Conjecture [Lang]

Let E/K be an elliptic curve, and choose a quasiminimal Weierstrass equation
for E/K,

E:y2:’1:3+A:v+B
Let S C Mk be a finite set of places of Mk containing the infinite places, and
Zs the set of S-integers of K. There exists a constant C, depending only on
K, such that

#{P € BE(K) : z(P) € Zg} < ¢#5TrankBU)
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Siegel’s theorem

Lang’s conjecture in specific cases

The conjecture of Lang is known to be true in case of elliptic curves with
integral j-invariant. More generally,

Theorem [Silverman]

There is a constant C' depending only on [K : Q] and on the number of places
v € M with ord,(jE) < 0, such that

#{P € E(K) 5 J)(P) (= ZS} g C’#S+1‘ankE(K)

Theorem [Hindry-Silverman]

Assume that the ABC conjecture is true for the field K. Then, there is a
constant C, depending only on [K : Q] and the constants appearing in the
ABC conjecture, such that

#{P € E(K) : x(P) € Zg} < C#5+rankB(K)
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Siegel’s theorem

S-unit equation

The second idea is to reduce the problem of finding S-integral points on a
curve to the problem of solving several equations of the form

ar+by =1
in S-units

Lemma

Let S C Mk be a finite set of places, and let a,b € K*. Then, the equation
ar +by =1
has only finitely many solutions in S-units z,y € Zj.

The proof of the lemma is ineffective because it uses Roth theorem, however it
is indeed possible to make it quantitative, i.e., to give an upper bound on the
number of solutions as in Lang’s conjecture.
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Siegel’s theorem

Siegel’s second theorem

Theorem [Evertse]

Let S C Mk be a finite set of places containing M5°, and let a,b € K*.
Then, the equation
ar+by=1

has atmost 3 x 7HCU+2#S solutions in S-units z,y € Zy.

Theorem [Siegel]

Let f(z) € K|[x] be a polynomial of degree d > 3 with distinct roots in K.
Then, the equation

has only finitely many solutions in Zs.
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Siegel’s theorem

Proof

1. Enlarging K and S clearly proves something stronger. So, we may assume
that f(x) splits over K, as

flz)=a(z —a1)(x —a2) - (x — aq)

with a; € K

2. Enlarge S so that
21 ac€ hf
22 a; —oj € “f fori#j
2.3 Zg is a PID

3. Take a field extension L/K obtained by adjoining to K the square root of
every element in Z%. This is a finite extension by Dirichlet's S-unit
theorem.

4. Let T be the set of places of L lying above S and Zr the corresponding
set of integers.

5. Let (z,y) € Zs be a solution of y? = f(x). Let p be a prime ideal of Zs.
Then, p divides atmost one x — ;. And, p does not divide a.
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Siegel’s theorem

Proof contd..

6. It follows from the equation

v =alr —a1)(x —az) - (& —oq)

that ord,(z — «;) is even. Therefore, there are ideals a; such that

7. Since Zs is a PID, therefore there isa z; € Zs such that a; = 2

Hence, there are units u; € Zg such that

2
T — Q= Uiz;
. . 2
8. In the extension L, u; is a square, so u; = v; and thus
2
T — o = (w; ;= v;2;)
9. Taking the difference gives us
2 2 \ \
a; — o =w; —wj = (w; + w;j)(w; —wy)

10. Since a;; — i is an unit, the two terms in the RHS of the product must be
units as well.
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Siegel’s theorem

Proof contd..

11. Now, we use Siegel's identity:

(P w2 + w3 1
w1 — Ws w1 — w3

w1

There are only finitely many values for the above equation and similarly,
there are only finitely many values for the equation

w1 — W2 W2 — W3

=1
w1 — w3 w1 — W3

12. The above allows us to conclude that there are only finitely many values
for the equation

2 2
w1 + wa w1 + w2 wi — ws Q2 — (/]
X = - - = p
w1 — w3 Wi — W3 (w1 — w3)? (w1 — w3)?
Therefore, there are only finitely many values for wi — ws.
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Siegel’s theorem

Proof contd..

13. Hence, finitely many solutions

| a3 — Q1
= | (wr —ws3) + —— | = wy
2 ’ w1 — W3

14. But, © = oy + w?. Thus, there are only finitely many values of z, and
each x value gives at most two values of y. This completes the proof.
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Transcendental number theory methods for effective bounds

Classical results

Theorem [Gelfond-Schneider]

Let o, B € Q with a # 0,1 and 8 & Q. Then, o is transcendental.

Theorem [Baker]

Let a1,...,a, € K*, and let 31,...,53, € K. For any constant k, define

T(k) = 7(K;Q1, - Qny B, -+, Bn) = R([1, B1, .-, Bu))R([1, a1, . - ., an])"

The heights are logarithmic heights. Fix an embedding K < C and let | - | be
the corresponding absolute value. Assume that

Bilogar + -+ Brnlogan, #0

Then, there are effectively computable constants C' > 0, x > 0, depending only
on n and [K : @], such that

‘/81 logal teot ‘B'” logan‘ > CiT(N)
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Transcendental number theory methods for effective bounds

Effective methods using Baker’s theorem

Now, we can give an effective bound on the S-unit equation in the following
theorem:

Theorem

Fix a,b € K*. There exists an effectively computable constant
C = C(K, S, a,b) such that any solution (a, 3) € Z§ X Z} to the S-unit
equation

ax+ b8 =1

satisfies H(a) < C.

Lemma

Let V be a finite dimensional vector space over R. Given any basis e for V, let

llelle = I wieille = max{|z:|}

If £ is another basis for V/, then there are positive constants ¢, c2 depending on
e, f such that for all v € V,

C1 ‘Tl‘f < HTHf <

P
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Transcendental number theory methods for effective bounds

Preliminaries

Now, let S C Mk be a finite set of places of Mk containing Mz . Let
s = #.S5, and choose a basis aq, ..., as—1 for the free part of Zg5. Then, every

a € Z§ can be written as

Mg_1

a=C-a" - ay

with m; € Z and ¢ a root of unity. Define the size of « relative to the basis by

m(a) := max{|m;|}

Lemma

With the notations as before, there are positive constants c;, co depending on
K, S such that for all v € V,

cih(a) < m(a) < coh(w)
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Transcendental number theory methods for effective bounds

Explicit bounds on the solutions

Theorem [Baker]

Let A, B,C, D € Z satisfy max{|A|,|B|,|C|,|D|} < H and assume that
E:Y?=AX*4+BX’+CX+D
is an elliptic curve. Then, any point P = (z,y) € E(Q) with z,y € Z satisfies

max{|z|, |y|} < exp((lUGH)IOG)

Theorem [Baker-Coates]

Let F(X,Y) € Z[X,Y] be an absolutely irreducible polynomial such that the
curve F(X,Y) = 0 has genus one. Let n be the degree of F', and assume that
the coefficients of F' all have absolute value at most H. Then, any solution to
F(z,y) = 0 with z,y € Z satisfies

10
max{|z|, |y} < expexp((2H)'"" )
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Safarevit theorem

Safarevi¢ theorem

Safarevi&

Let S C Mk be a finite set of places containing Mz . Then, upto isomorphism
over K, there are only finitely many elliptic curves E/K having good reduction
at all primes not in S.

Corollary

Fix an elliptic curve E/K. Then, there are only finitely many elliptic curves
E'/K that are K-isogenous to FE.

Proof.

By Criterion of Néron-Ogg-Safarevi¢, we have the corollary: If By /K, Es /K
are elliptic curves that are isogenous over K, then F; has good reduction over
K iff E5 has good reduction over K. Now, if E, E’ are isogenous, then they
have the same set of primes of bad reduction. The result now follows from
application of Safarevi€'s theorem. O
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Safarevit theorem

Corollary of Serre

Corollary [Serre]

Let F/K be an elliptic curve with no complex multiplication. Then, for all but
finitely many primes ¢, the group of {-torsion points E[/] has no nontrivial
Gal(K /K)-invariant subgroups.

Remark

This just means that the representation of Gal(K/K) on E[{] is irreducible.
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Thank you! Available for questions.
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