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Preface

For a number field K, let (x(s) denote the Dedekind zeta function, a priori defined
only for Re(s) > 1 by the Euler product

1 (1_ N;)

p:finite places

We can analytically continue this function to the entire complex plane and obtain a
functional equation as well. Dirichlet was able to show that there is a pole of (x(s)

at s = 1 and infact the residue at s = 1 is of utmost importance. He showed that

2" (2m)"? hR
ResaGels) = 72200

where ry is the number of real embeddings, o the number of complex embeddings,
d is the absolute discriminant, R is the regulator, A is the class number, e is the
number of roots of unity contained in K. This is one of the many instances where the
special value of a L-function is related to an arithmetic invariant of the underlying
algebraic object.

Artin introduced L-functions L(y, s) attached to any complex representation x :
Gal(K/K) — Q" of the absolute Galois group of number fields. In a series of
papers starting in [Sta71], Stark studied the special values of these L-functions and

conjectured that

L(x; s)

ST

Res,—o = R(x)A(x)

where 7, is given, R(x) is the generalised regulator and A(y) is some arithmetic
constant. Stark’s conjecture was refined and reformulated by Tate in [Tat84]. Soon
after, Deligne-Ribet [DR80], Cassou-Nogues|Cas79], Barsky[Bar78] were able to con-

struct p-adic L-functions which interpolate to special values of these L-functions.

v



Preface

Gross conjectured a similar formula for the leading term of the p-dic L-functions

Res.o 22— Ay
where R, is the p-adic regulator. This conjecture is known as the Gross-Stark
conjecture. Gross proved the K = Q case and using the methods developed in
[Wil88][Wil90], Dasgupta-Darmon-Pollack [DDP11] were able to prove the conjec-
ture for the rank one case under the additional hypothesis that Leopoldt’s con-
jecture holds. The assumption on Leopoldt’s conjecture was removed by Ventullo
in [Venl15][Venl4] and the Gross-Stark conjecture was proved in full generality by
Dasgupta-Kakde-Ventullo in [DKV18]. My masters thesis is to understand the proof
of the Gross-Stark conjecture in the two seminal papers.

The current version of the thesis contains an exposition to the work of Dasgupta-
Darmon-Pollack. In the first chapter, we give an introduction to Stark’s conjecture
as formulated by Tate in his highly regarded book [Tat84] (the Bible for Stark’s
conjectures) and Gross’s p-adic formulation of the conjecture.

Chapter 2 contains the cohomological interpretation of the Gross-Stark conjecture
and reduces the conjecture to finding a cohomology class of the appropriate type.

Chapter 3,4 deal with the contruction of the cohomology class using the methods
initiated in Wiles papers [Wil86][Wil88][Wil90] (they are in turn inspired by [Rib90]).

The current draft is unfinished. We intend to cover the work of Dasgupta-Kakde-
Ventullo in the final draft and also provide an excursion into other beautiful conjec-
tures of Stark and their refinements. Some proofs have also been excluded to make
the exposition brief and avoid repeating what has already been written beautifully
in the original papers. We only provide the details that we felt were missing while

reading the papers.



Notation

Let k be a global field, i.e. a finite extension of Q or F,(¢). The places or equivalence
classes of absolute values of k is denoted by v,v/,.... If Q C k, we use p,q,... to
denote the finite places of k to distinguish it from other ideals of the ring of integers
of k (denoted by other fractal letters). Given a finite extension K /k, by w,w/, ...
we denote the places of K that extend v,v’,.... We use capital gothic letters B, Q
to denote the places of K that divide p, q.

The complete local fields are denoted by k,, K, ky, Ky; the ring of integers by
Oy, Oy, O,, Ogp. If w is a place of K extending v, the degree of extension [K,, : k,]
is denoted by [w : v].

If S is a finite set of places of k£ containing all the Archimedean places of k, we

can define the ring of S-integers

Os={xck:z€0,VpgS=[)0,
pgs

to be the Dedekind domain obtained by inverting all the primes of k contained in
S.

We simply write ||y, ||w; ||p, |5, - - - for the normalised absolute values attached to
the places indicated in the subscript. If z € k*, we have u(zU) = |z|,u(U) for
all compact sets U in the interior of k, and all choices of Haar measure p on the

additive group k,. More explicitly, the absolute values are

usual absolute value if k, ¥R
||, = < sqaure of usual absolute value if k, ~ C
Nyt if k, is non-Archimedean

For = € Z, we have the factorisation

Ly = (Z)2pZ)* x (1+ 2pZ,)

= w(z)(z)

vi



Notation
with w and (-) defined by the decomposition above.

() will also be used to denote the ideal generated by -. The two usage shall be

clear from context.
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1. Introduction

This chapter (more specifically §§1.1-1.5) follows [Tat84, §1 , §§0-4 | closely. I have
provided proof of statements that the book chooses to leave. I claim no originality
in the presentation. This chapter(§§1.1-1.5) is mostly a translation of the chapter

in loc. cit.

1.1. Dirichlet’s analytic class number formula

Suppose k is a number field (finite extension of QQ), and (i (s) is the Dedekind zeta
function of k, defined for Re(s) > 1 by the Euler product

Gels) =] (1 — N:S)_l (1.1)

p

where the product is over all the prime ideals of k. A famous theorem of Dedekind

[Theorem 40 Marl8, p. 123], a generalisation of a theorem of Dirichlet, states that
Theorem 1. ((s) has a simple pole at s = 1, and the residue at s =1 is

2" (2m)"™ hR (1.2)

Vid e
where 11 (resp. 13) is the number of real (resp. complex) embeddings of K, d the
discriminant of k, h the class number of k, and e the number of roots of unity

contained in k.

The functional equation of (i (s) (cf. Appendix F') allows us to rewrite this theorem

into a statement around the point s = 0.

Proposition 2. The Taylor expansion of (x(s) around s = 0 is given by

Guls) = — 225+ 4 O(s) (1.3)



1. Introduction

Proof. If Ay(s) = 2m20=9)|d|*/27x7 /2 (5/2)"1T'(s)"2(k (s), then by the functional
equation we have

A(s) = A(1 —s)
as W(x) = 11if x is trivial. Thus, using Dirichlet’s analytic class number formula at
s =1, and the fact that I'(s) has a pole at s = 0 with residue 1, we have

hR

Cae(s) v =T
(&

as s goes to 0. This completes the proof. Il

The above proposition gives us the first non-zero term in the Taylor series ex-
pansion of (x(s) around s = 0. Stark’s conjecture will state a similar result but for
Artin L-functions. Before proceeding further, we will state Dirichlet’s analytic class
number formula in a slightly general setting of S-units.

Let S be a finite set of places of k containing the Archimedean places S,,. For

Re(s) > 1, we can define the generalised zeta function

Gsls) =11 (1 - N;) B (1.4)

pgS

By Cl(Ok.s) we will denote the ideal class group of the S-integers, and hy g will

denote the size of this class group.

Definition 3. O3 is finitely generated abelian group and thus has a free-part and a
torsion part. By the S-unit theorem (cf. the next section) the rank of the free part
isrT =S| —1. Let {uy,...,u.} be a set of fundamental units modulo the torsion
(O&)tors- The regulator Rg is defined to be

Rs=| det (log|uil,) (1.5)
veS\{vo}

where vy is an arbitrarily chosen Archimedean prime in S.

Remark 4. A priori, it looks like the definition depends on the choice of the
Archimedean place vy, and the choice of basis {uy,...,u,}. But, the dependence

on vy can be removed by the product formula. Let {e1,... €.} be another set of
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fundamental units. Then, one can show that

Rs({ui}) = Rs({ei})[(us) - (€)]

where the index is just the determinant of the transformation matriz. For funda-
mental units, the determinant is 1 and thus Rg does not depend on the choice of

fundamental units.

Lemma 5. Let p be a place of k not contained in S. Let T = S U {p}. Let m be
the order of p in the ideal class group of S-integers Og. We can conclude that

1. hs = th
2. Rr = m(logNp)Rs
3. Cr(s) ~ (logNp)sCy.s(s) in the neighbourhood of s = 0

Proof. There is a natural map from I(Og) — I(O7) via a — aOp. This map
is surjective (look at the prime factorisation). Now, combining with the standard
projection map I(Or) — C(Or) we have a surjective map C(Og) — C(Or). To

finish the proof of first assertion, it is enough to show the following sequence is exact:

0 > [p] > C(Og) —— C(Op) —— 0

where [p] is the class of p in the ideal class group C(Og). We have already shown
the surjection. Let us prove the injectivity of the map [p] — C(Os). Let a € 1(Og)
be in the kernel of the map C(Og) — C(Or), then there exists a € k* such that
aOr = aO7p. As S C T, we can conclude that vs(a) = v4(aQg) for all places
q # p. Thus, a = p°aOg with e = vy(a) — v,(a). As both sides are fractional ide-

als of Og with same valuation at all places, this completes the proof of first assertion.

Let {uy, ..., u,} be a set of fundamental units of OF /(Og)iors. If p™ = wOg, then
{uy,...,u,,w} is a system of units for OF /(Or)iors. Indeed, if u € OF, then after
scaling with appropriate power of @ we can assume that 0 < v,(u) < m — 1. Then,
uOg = p»® as the valuations of both sides is equal for all places. But the order
of [p] in C(Og) is m and so vy(u) = 0 or equivalently, v € OF. Back to the second

assertion. Note that vy(w) = 0 for all q # p and so the matrix My corresponding
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to the regulator Ry has the form

Mo — Ms‘ *
o 0 ‘log|w|p

Hence, Ry = Rglog|w|, = Rg - m - log Np.

The third assertion follows from the observation

Cer(s) = (1= Np~™) Ces(s)
and taking limit as s — 0. 0

The following theorem follows immediately from the above lemma.

Theorem 6. In the neighbourhood of s = 0, we have

hsR
Ces(s) ~ _%3#5—1

1.2. Artin L-functions

Suppose K is now a finite Galois extension of k, with Galois group G. One has
x:G—C

a character of a representation G — GL(V') with V' a finite dimensional vector space
over C.

Fix a finite set of places of k, S, then one can simply write

Ls(s,x) = [ [ det(1 — o Np~ | V¥)~!
pgs
for the Artin L-function (relative to S) attached to x. Here B denotes an arbitrary
place of K lying above p, and oy € Gy/Iy is the Frobenius automorphism of the
extension of the residue fields 3/p. The function L(s,x) does not depend on the
choice of the prime ‘8 as all the Frobenius elements are conjugate to each other and
determinant is invariant under change of basis.

In a neighbourhood of s = 0, set
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Ls(s,x) = c(x)s") +O(s"0*)

We are interested in finding ¢(y) but first we will determine the multiplicity r(x).
Let Sk be the finite set of places of K lying above the places in S, the finite set of
places of k; and Y the free abelian group with basis Sk. Let

X:{anwEY: anzo}

weSK wESK

The Galois group G acts naturally by permutation of the places w dividing v for
each v € S. Thus we obtain a G-module structure on Y and on X. We have an

exact sequence of G-modules :

0 > X >Y

v
N
o

D npw —— >y,

Definition 7 (Notation). For a Z-module B and a subring A of C, by AB we mean
the tensor product A ®z B. Let xx be the character of the representation CX of G,
and similarly xy of CY.

Remark 8. Note that xx = xy — 1.

Evidently, xy = @Indgw 1q,,, where for each v € S, w is a place of K dividing

veS
v chosen arbitrarily. In particular, xy and xx take their values in Z.

Proposition 9. If x is a character of a C[G]-module V' (finite dimensional C vector
space), then

r(x) = (Z dim VG’“> —dim V% = (x, xx)¢ = dim¢ Homg (V*, CX)

veS
where V* is the dual of V.

Proof. We have a canonical homomorphism Home(V*,CX) ~ V* @c CX ~ V ®¢
CX. Thus, Homg(V*,CX) ~ (V ®c CX)®. Using the othogonality of characters
one has dim¢ Homg(V*,CX) = (xxx,1)¢ = (X, Xx)a- Moreover, xx = Xy (Xx
only takes integer values) and thus we have the last equality.



1. Introduction
The second equality follows from Frobenius reciprocity in the following way:

X6 xx)e = (Gxv)e — (% Da
= Z(X,Indgwlgw>g — <X, 1>G

veES

= low 1eu)a, — dime VE
vES

= Z dimg¢ VGw — dim¢ VG
veES

It remains to show the first equality. By Brauer-Nesbitt theorem,
X = nylndgy
(]

where 1 are 1 dimensional characters of subgroups H of G. Again, by Frobenius
reciprocity

06 xx)a = Y ny(Xlm,)u

Next, by properties of L-functions

r(x) = Y nyr(v)

Comparing the two relations tell us that it is sufficient to study just the 1 dimen-

sional characters 1.

If x =1¢, then Lg(s, x) = (r,s(s) and so using Theorem 6 gives us

r(x) =#S—-1= (Z dim VG“’) — dim V¢

veES

If x is a 1-dimensional character but not the trivial character, then V¢ = {0}. This
handles one summand. The other summand is a bit tricky. Recall the functional
equation of Lg(s, x)
A1 =5, x) = W)A(s, X) (1.6)
with
s+1
2

A(s,x) = I'r(s)"I'r < ) L(s, x)Dc(s)"™ (1.7)
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and
a; = Z dim VE» ay = Z codimV & (1.8)
v real v real
It is a well known fact that L(s, x) does not vanish at s = 1 and W(x) is a non-
vanishing holomorphic function. So, if we compare order of vanishing on both sides

of the functional equation, we get

—a;—1ry+rs, =0& g, :a1+r2:ZdimVG“’

v]oo

where the last equality comes from the fact that dim¢c V' = 1 and ry is the number
of complex embeddings of k in Q. As

Ls(s;x) = I (1=x()Np™) Lo, (5,X)
peS\Soo
x(Ip)=1

As G, is generated by I, and a Frobenius oy, the order of vanishing of Lg(s, x) is

exactly
rs(x) = #{p € S\Sw : X(Gp) = 1} + 15,
= Z dim VE +rg_
peES\Seo
= Z dim V&
pes
This completes the proof. [

We will record the observation made in the proof as it is very crucial for our

purposes.
Theorem 10. If x is a 1-dimensional character of G, then

#S—l ’LfX:1G

rs(x) = .
#{veS:x(G,) =1}  otherwise
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1.3. Stark’s regulator

We will now introduce the type of regulator attached to x which will figure in the

principal conjecture of Stark. Denote by
U={ze K" :|z|, =1V w¢ Sk}
the group of Sk-units of K, and consider the logarithmic embedding

AU — RX
u Z log |u|,w

wWESK

where X is as defined in §1.2. This is used in the proof of the theorem of S-units
([Wei95, IV-4, Theorem 9]). The kernel is the group p(K) of roots of unity contained
in K, and the image is a lattice in RX. We shall record this as a theorem as it will
be cited often.

Theorem 11 (Dirichlet S-unit theorem). The kernel of X is the group of roots of
unity u(K) contained in K, and the image is a full lattice in RX with rank #S — 1.
Hence, the group U/u(K) is a free abelian group on the #S — 1 generators and
1®A: RU — RX is an isomorphism.

On tensoring with C, X induces isomorphism (again called \):
CU = CX

compatible with the natural action of G on U and X.

This implies that the two representations of G QU and QX are isomorphic over
Q (Recall that we showed the invariance of this isomorphy of finite group repre-
sentations by extension of scalars (in characteristic zero) either by passing to the
associated characters [Ser77, §12.1] , the note after prop. 33 or by characterising an

isomorphism as a homomorphism with non-zero determinant-refer to [CF10, p. 110]).

Therefore,
f: QX & QU (1.9)
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is an isomorphism of QG-module, and note again
f:CX S CU
its complexification.

The automorphism A o f of CX induces an automorphism (functorial)

(Mo f)v

Homg(V*, CX) Homg (V*, CX)

@ »Aofoyp

Recall that V* is the dual of the vector space V and following Theorem 10, the
dimension of Homg(V*, CX) is exactly r(x).

Definition 12. The Stark requlator attached to f is defined as:

R(x, f) = det((Ao f)v) (1.10)

It is evident that R(x, f) does not depend on the choice of the vector space V' of
X. The choice of f, on the contrary, is not negligible.

1.4. Stark’s principal conjecture

In the notations in the previous two paragraphs, the statement of the conjecture is

as follows:

Conjecture 13. Let A(x, f) = R(x, f)/c(x) € C € C. Then, for all automorphisms

o of C, one has the relation

Al ) = AKX )
where x* =aox: G — C.
We can decompose our statement in the following manner :

1. A(x, f) belongs to Q(x)
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2. For all o € Gal(Q(x)/Q), A(x, f)” = AKX, f)

Here, Q(x) is the field of values of x. It is a cyclotomic extension, and thus Galois
extension of Q. ( [Ser77, §2.1]).

It seems appropriate to reformulate the conjecture starting from the situation
relative to an E (coefficient field) which allows embeddings in C. It is, in fact
sufficient to consider only number fields (finite extension of Q).

Suppose F is a field of characteristic 0 and y : G — E a character of the represen-
tation G — GLg(V'), where V is a vector space of finite dimension over E. (Recall
that G is the Galois group of the extension K /k). Instead of assuming f is rational
(as in in the previous section), let us take any G-homomorphism f: X — EU.

For all & € Homg(E,C), one can deduce from y and V a complex character
X® = aox of G' and its complexification V* = V®pg ,C, to which 2.3 applies. In par-
ticular for each a, we can associate a L-function L(s,x®). Moreover, f*: C — CU
is defined by C-linearity from (co1)o f: X — CU, and induces the endomorphism
(Ao f*)ya of Homg(V**,CX). Denote by R(x?®, f*) its determinant (it is indepen-

dent of the vector space V over E associated to x).

In this context, we are then led to the

Conjecture 14. There exists an element A(x, f) of E such that, for alla : E— C,

we have
R(X*, f*) = Alx, )™ - e(x®) (1.11)

Remark: The complex conjugation being continuous, it is easy to see that

Alx, f) = AX f)-

1.4.1. Changing the isomorphism f
Proposition 15. The conjecture 13 implies conjecture 14.

It is clear that one can always, in Conjecture 14, one can reduce to the case £ = C
and fix an arbitrary embedding o : F — C. It is sufficient to show the independence
of choice of f in this case to show that Conj. 13 implies Conj. 14 :

If the statement in Conj. 14, with £ = C, is true for a particular choice of iso-
morphism f, : CX = CU, it is also true for all f: X — CU.

10
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For each C|G]-endomorphism 6 of CX, write d(x, ) for the determinant of the
endomorphism 6y, of Homg(V*, C) induced by 6. In fact, ¢ is clearly independent

of the choice of V' associated to x. One has:

R(x, f) = 0(x,; Ao f)
The determinants ¢ obeys the following results:
Loo(x +x',0) = o(x, 0) +6(x', 0)
2. 0(Indy, 0) = 0(x,0)
3. d(Inflx, 8) = d(x, Olcx H)
4. 0(x,00) =d(x,0)0(x, )

5. 0(x, f)* =0(x“,0%) for all a € Aut(C)

Here, (1) is trivial, (2) follows from the fact that for all representation W of
the subgroup H of G and for all C[G]-module Z, there is a natural isomorphism
Homg (Ind% W) ~ Homy (W, Z), where, in the term on the right, Z is considered a
H-module. (3) refers to the following situation:

Suppose k C K’ C K with K'/k Galois. Denote by H, the group Gal(K/K’) and
X' the abelian group relative to K’. We then embed X’ in X by w' = >

w'w = Y, wl where [w : w'] is the degree of the local extension K, /K], and

w,|w[w :

wyp is an arbitrary place of K lying above w. It is this normalisation that makes the

following diagram commutative :

U—2 3 RX

o1

U 25 RX

where the maps A, ) is as defined in §1.3. We then find that X’ = Ny X where
Nu =3 e h € Z[G], but not, in general X’ = X*. Nevertheless, Ny X has finite
index in X, and thus we have EX’' = EX! for a field E of characteristic 0.

That being said, (3) is evident, the formula (4) is trivial, as for (5),let « : C — C

be be an embedding and write 6 = 1 ®,60: C®, CX - C®,CX. X is viewed
as C ®, V by the usual identification

11
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HOIHC@)QC[G] ((C Ra V*, C ®, (CX) =C®, HomC[G](V*, (CX) (1.12)

The endomorphism (0*)y becomes 1 ®,, 0y, and the determinant is (det 6y ).

Statement 2.6.2 now follows from (5) and the obvious relation:

where 0 = f; ' f.

Example 16. Following the discussion earlier in this section, the conjectures in
section 5 are still equivalent to the statement in Conj. 14 applied to the case E = C
with the isomorphism f = X\~'. This gives R(x,\™') = d(x, 1) = 1, and one obtains

this intrinsic but essentially transcendent formulation of the conjecture due to Stark:

For each a € Aut(C), we conjecture that

= 5(x%, Ao A7)

1.5. Reduction to the abelian case and independence
of S

We draw immediately from the previous section the following formulae concerning
the numbers A(x, f) introduced in §1.4 (or, more generally, in Conj. 14, suppose
E CC):

L Ax+X.f)=Af)- AKX f)
2. A(Indy, f) = A(x, f)

3. A(Infly, f) = A(x, flexH)

This formalism allows one to reduce Stark’s conjecture, on the one hand to the
case k = Q (by passing to the Galois closure of K and induction), on the other hand
to the case when characters are of dimension 1 (due to the theorem of Brauer, refer
to Appendix F.)

Proposition 17. 1. Ifthe conjecture is true for all finite Galois extensions K /Q,

then it is also true in general.

12
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2. If the conjecture is true for all irreducible characters of dimension 1 of all

Galois extensions K [k, then it is also true in general.

This being said, let us pass to the independence of the conjectures on the choice
of S:
The set S fixed in section appears in the conjectures of section through an interme-
diary such as the L-function as well as the definition of the regulator. In fact, one
has the

Proposition 18. The truth of the conjecture in section §1.4 is independent of the
choice of the set S.

Proof. We work with the version in . Suppose S is the initial set and let S = SU{p},
where p is a place of k not appearing in S. Denote by U’, X', f’ etc. the data in
section with S replaced with S, as well as ¢/(x),7'(x) the initial coefficient and the
multiplicity of Lg (s, x) at s = 0 respectively. Finally, let A’(x, f’) be the resultant
number as seen in section. We also assume that f/ CX = f. Let

A'(x f')

B =Z00

We have to show that
Claim: B(x)* = B(x?®) for all « € Aut(C).

As in , and the formulae in , we note that it is sufficient to solve for x(1) = 1.
This leads us to distinguish the two cases below. Let B3 be a place of K lying above
p and Gy C G its decomposition group.

Case-1: x is not trivial on Gy

Then we have (*." dim¢ V' = dim¢ V*)r(x) = r/'(x); Homg(V*, CX) = Homg(V*, CX’)
and R(x, f) = R'(x, [')-

On the other hand, if x is also not trivial on the inertia group Iy of 3, we find
that Lg(s,x) = Lg (s, x), and so B(x) = 1 = B(x®), which implies 2.7.4. Suppose
to the contrary, x(Iy) = 1, then /(x) = (1 — x(op))c(x) and, as a consequence
B(x) = (1 — x(op))™", so that the claim is trivially true.

13



1. Introduction
Case-2: x(Gg) = 1.

Due to (3) property mentioned at the start of this section, it is enough to assume
Gy = 1, which is to say that p splits completely in the extension K /k. In this
case, Lg(s,x) = (1 — Np~*)"'Lg(s, ), so ¢'(x) = c(x)log Np. On the other hand,
r'(x) = r(x) + 1, and more precisely, if B" = 7Ok, for T € K:

QU ~QUeaQG]
QX' ~QXaQ[G]- (P - éNGwO)

where wq is an arbitrary Archimedean place of K, g = #S and Ng = ZUGGO' €
QlG].

In suitable bases, we obtain matrices for A" and f’ :

M(X>Z<MW . );M(f,):<M(f) )

0 lOg’ﬂ'h; . 1G 0 1G

As V is of dimension 1, it is easily deduced that the matrix corresponding to the
endomorphism (X o f)y of Homg(V*,CX’) can be put in the form :

M(/\/) _ M(()\Of)v) *
0 log |7|gp

where det M ((Ao f)y) = R(x, f)-
Finally, one finds that B(x) = log|m|g/log Np, a rational number which does not
depend on y. This concludes the proof of the proposition. O

1.6. Statement of Gross-Stark Conjecture

This section follows [Gro81][Venl4]

1.6.1. Gross’s p-adic regulator

Recall that the definition of Stark regulator crucially depends on the logarithmic
map A defined in previous section. We also aim to find such a map. First, we shall

build the the theory of p-adic absolute values.

14



1. Introduction

Definition 19. For each place B of K, we can define the local absolute value
|~|m7p:Kg§—>Z; by

(

sign(x) if Ky ~R
|l = _ .
(N) (@) if Bty
((NB) ™ @Ng 0, B |p

Remark 20. 1. It can be shown that the product formula holds for the local

absolute values as well. More precisely,

[Tlzlpy, =1V 2 e K
B

2. The local absolute values are not exactly the same as the usual absolute values.
For example, if x is a totally positive unit, then |x|u, =1 for all places P but
usually if |x|p =1 for all places P, then x must be a root of unity.

The second property is a useful property to have. So, we focus our attention to

the subgroup

(K*)” ={r e K"t |z|p, =1V P | oo}
On this subgroup, we have the property that x is a root of unity contained in K if
and only if |zl =1 for all finite places P of K. [Gro81, Prop. 1.11]

The above definition can be interpretated in the following manner as well. If T € G

s the complex conjugation, then
(K*)" ={x e K* :7(x) = —x}

Next, fix the finite set S of places of K containing all the infinite places and the
places dividing p. Let Us i be the set of S-units of K and let Ug ;- = Us e N (K*)*.
Let Ys i be the free abelian group on the set S and let Xg i be the subgroup of
elements of degree 0 as in the previous section. Motivated from the logarithmic map

A : U — RY, we define our local logarithmic map

)\p : USJ( — QpYS,K
T Z log, 7|, B

BesS

15



1. Introduction

Due the product formula (Remark 20(1), the image of A, lies in Q,Xg k. We are
interested in knowing whether the induced map A, : Q,Ug - — Q, X i is injective
or not. The measure of how far the map is from being injective is quantified through

the regulator. First, define

op U™ — X~
r Y fpop(n)P

Pfoo
Tensoring by Q, over Z gives the induced map
op : QU™ — Q, X~

The map o, is an isomorphism (just construct the inverse using the finiteness of the

class number of K).

Definition 21. We can define the Gross p-adic requlator via

R, ks = det()\, o 0;1|QPX_)

1.6.2. Statement of the Gross-Stark conjecture

Let k be a totally real number field and k its algebraic closure. Let E be a field of
characteristic 0 and V' the finite dimensional vector space over E with an action of

Gi.. Consider the representation

that factors through the Galois group of a finite extension K /k. Such a representa-

tion is said to be totally odd if every complex multiplication acts as —1y/.

Fix a prime number p, and fix embeddings Q — C and Q — C,,. This allows us to
view x as taking values in C or C,. Let S be a finite set of places of k containing all
the infinite places of k. To the representation V', we have the S-depleted L-function

Ls(s,p) = [ det (1 — opNp~*|V) " (1.13)
pES

16



1. Introduction

Let S also contain all the divisors of p. Let
w: G(k(pop)/k) = (Z/2pZ2)" — 7,

be the Teichmuller character. If @ : £ — C, is an embedding, then V* denotes
the complex representation obtained by change of base. We have the following

interpolation formula:
Lp75(w1_" @ V*n)=as(V,n)*
where ag(V,n) is obtained via the relation
Ls(VP n) = ag(V,n)?

with g : E — C an embedding.

The p-adic L function L,(w ® V%, s) is non-zero if and only if V' is totally odd.
Next, the Taylor expansion of Lg(V?,s) and L, s(w ® V,s) at s = 0 gives

o Lg(VP, s) ~ L(VE)s V)

o Los(w®@Ve s)~ L,(Ve)s»(V)
Definition 22. Define the requlators

e R(VP)=det (1@ o fH(VP®CX™)Y)

« Ry(V*) =det (1®)\,00,(V*®CX™))

It can be shown that there is an algebraic number A(V) € E* such that for all
embeddings 3 : E — C both r(V?) = r(V) and L(V?) = R(VP)A(V)".

Conjecture 23. For all embeddings o : E — C,, we have
1. rp(V*) =r(V)
2. L(V") = R(VO)A(V)"
This conjecture can be reformulated as

Conjecture 24. 1. ords—oLgp(wx,s) =r(x)

_ hx 1
2. lim Lg ,(wy, s)/s"® = | (=1)"™ | | fol ———— | | 1—x(p
50 Svp( )/ ( ) e p hkz |NJ(K)|Q e ( ( ))
x(p)=1 x(p)#1

17



2. Cohomological interpretation

The notation from this chapter onwards follows [DDP11]. So, instead of K /k we
deal with H/F' defined below. Also, we consider the case dimV = 1.
Let F' be a totally real field, and

X:Gp:%@X

be a totally odd character of the absolute Galois group of F'. Let H be the cyclic
extension of F' cut out by Ker(x) (in fact more is true, H is a CM extension as well).
X can be seen as operating on the ideals of F' via x(p) = 0 if p is ramified in H/F
and x(p) = x(Frob(p, H/F)) if p is unramified in H/F.

Next, fix a prime number p, and embeddings Q — C,Q — C, and view y as
having values in C or C,. Let V = E(x) with E a finite extension of Q, containing
all values of x. Substitute V' with x. We wish to reformulate R,(x) cohomologically.

For sake of convenience and completeness, we will restate the problem statement
again.

Consider a finite set of places S of F' containing all the infinite places. Then, the
S-depleted L-function

_ s\ 1
Ls(s.x) = > x(@Na==][ (1 - x(»)Np~)
ged(a,v)=1 pgsS
VpeSsS
convergent for Re(s) > 1 and has a holomorphic continuation to all of s € C for
nontrivial x. Due to [DR80] we know of the existence of a continuous FE-valued
function Lg,(xw,s) with s € Z, characterised by the interpolation property at

negative integers n < 0 :

Lsp(xw,n) = Ls(xw",n)

A theorem of Siegel shows that Lg(x,n) is algebraic and using the embedding

Q — C, we can view the values to be p-adic. In fact, the function Lg,(xw, s)

18



2. Cohomological interpretation

is meromophic on Z, and regular as long as x # w™'.
Let S, be the set of places of F' above p. We can take S to be S, U Se U {v :

v ramified }. We can partition S, into

R={plp:x(p)=1}, R ={p|p:xp) #1}

By the useful observation we made in Theorem 10 we can deduce that r 1= rg(x) =
#R. Gross conjectured that

Ords:OLS,p(Xwa S) = 7GS(X) =T

Remark 25. If T = S\R, then

LS(X: S) = (H 1- Np_s> LT(X? S)

peER

Hence, Ls(x,s) = 0 at s = 0 with order rs(x). By the interpolation property, the

order of vanishing of Lg,(xw,s) at s =0 is atleast r.

For the rest of the exposition, we shall assume that rg(x) = 1. In words, this

means there is an unique p | p such that y(p) = 1. In our case, we have
ords—oLg,(xw,s) >1
Next, let
Uy = (05 s® E)X_1 ={ueOfs@E:ou=x"(0)uvoeG}

Galois equivariant form of Dirichlet’s S-unit theorem tells us that U, is a finite

dimensional E-vector space such that
dimE UX = 7“5()() =1

Fix a vector 0 # u, € U, and choose a prime 3 of H lying above p. This allows

us to define two E-linear maps
op : Uy = E,u® x +— zordg(u)

by Uy — E,u®x — wlog, (N, /Qy(u))
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2. Cohomological interpretation

Definition 26. Following Greenberg, the £ -invariant attached to x is defined via

the ratio

Remark 27.

The Z-invariant does not depend on the choice of the vector u,. Indeed, if u, is
another non-zero vector, then due to the 1-dimensionality of U, as a E-vector space
we have ug( = mu, with m € E*. Thus, both the numerator and denominator have
the extra factor ™ which cancels out.

The £ -invariant is also independent of the choice of the prime B above p. Indeed,
if P' were another prime, then using transitivity of G on B | p we have B’ = B for
some o € G. Consequently, o, = op(o " uy) = op(x(0)uy) = x(0)op(uy), and
log(uy) = x(0)lp(uy) as well. Hence, the ratio is unaffected by the choice.

We are now ready to state Gross’s conjecture for our purposes.

Conjecture 28 (Gross). Let F' be a totally real field, H a totally complex extension
of F, and x : Gal(H/K) — C* a character of conductor n. If S = RU {p} and
rs(x) =1, then one can show that

/S,p(Xwa O) = g(X>LR(X7 O)

To state the main theorem of DDP, we need to introduce some notation.

Definition 29.

. _stp(Xw7 1 - S)
Zn(X,8) = Li(x.0)
Ls,(xw,0) ,
= = 1
"E/ﬂan(X) LR(X70) "E/ﬂan(X> )

This definition allows to rephrase the conjecture to asking whether .Z,,(x) =
Z(x). The main theorem of DDP says that

Theorem 30. Assuming that Leopoldt’s conjecture holds for F', and the assumptions

1. If |Sp| > 1, then the conjecture is true for all x.

2. If |Sy| = 1 and furthermore
Ordk:l (aiﬂan(X7 k) + gan(Xila k)) = Ordk:lgan(xila k) (21)

Then, the conjecture holds for both x and x~'.
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2. Cohomological interpretation

2.1. Cohomological interpretation

Let
Eeye * GF — Z;

be the cyclotomic character. If E is a finite extension of Q, that contains the values
of x as usual, then by E(x) we will denote the space E' on which G acts via the
continuous action

o-x=x(o)x

Similarly, F(1) is equipped by the continuous action of the cyclotomic character.

Thus, E(x)(1) has a continuous action of xee,., and E(x™') the action via x .

2.2. Local Cohomology groups

Let v be a place of F, G, ~ Gg,,I, € G, be choice of decomposition group and
inertia group at v.
Let pp = (m) be the maximal ideal of Op. Tate’s local duality gives a perfect

pairing
(Jom + H(F,, Op/m"(x71)) x H'(F,,Op/7"(x)(1)) = Op/t"
Taking limit n — oo and then tensoring with E leads to the perfect pairing
(ot H'(F,, E(x7Y)) x HY(F,, E(x)(1)) = E (2.2)
Definition 31. If M is a Gr-module, then the inflation-restriction sequence gives
0 —— HY(Gy/l,, M) —— HY(F,, M) =" H'(L,, M)/

The unramified classes classes are exactly the classes of H'(F,, M) that lie in the
kernel of resy, .
If x(Gy) # 1, then G, /1, is a pro-cyclic group. Hence,

HY G/ T, Op/x"(x ")) = H Gy /1, O /7" (x)")
= (Op/m"(x7)™")/(x " (v) = 1)

Thus, the quotient has bounded size independent of n. Or equivalently, if we take
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2. Cohomological interpretation

limit over n, then the limit has torsion. Consequently, tensoring with E tells us that
HY(G,/I,, E(x"1)!*) = 0 and hence there are no unramified classes.
Assume x(G,) = 1. Then,

1. H\(F,,E(x™')) = H'(F,, F) = Homu,(G,, F) contains an unramified class

Kunr © Gal(F)"" /F,) — O, Frob, 1

2. If v | p, then we have a ramified class, namely the restriction of the logarithm

of the cyclotomic character to G,. In particular, we are concerned with

Feye = l0g,(ecye) € H'(F, E)

3. Kummer theory gives a connecting homomorphism (which is an isomophism)
Som : FXQR7Z)p"7 — H'(F,,Z/p"Z(1))

If we let FX®F = (1&1“ FY ®Z/p"Z) ®z, E, then the connecting homomor-

phism of Kummer theory becomes the isomorphism

by : FX®F — HY(F,, E(1))

4. We can calculate the pairing. Let u € Ff ®E, note that

° <"€unr7 5v(u)>v = _Hum‘((uvﬁv’Fv)) = _'%um"((uu anT‘Fv)) = _Ov(u)
« This uses some calculation as can be found in [AT90|[Neul3][NSWO0S§]

(Keye: u(w))o = —(l0g,, 02eye) ((u, Ful Fy))
= —(log, 92cyc) (NF, g, (1), Fu| Q)
= —log,(Np, /g, (u™"))
= —ly(u)

The above observation helps us view d,(FX®F) as the orthogonal complement

t0 Kunr under the local Tate duality.

[DDP11, see Lemma 1.3] also calculate the dimensions of the two spaces H'(F,, E(x)(1))
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2. Cohomological interpretation

and H'(F,, E(x™')). In fact, the dimensions of both the spaces are same, given by

(

[
[

: QP] X(Gv) 7é 17” ’ p
1Qp+1 x(Gy)=Lwv|p
X(Gv = 1)’U 'prO

1
0 otherwise

Fy
F,

\

2.3. Global Cohomology groups

Recall the definition of unramified class

H, (Fo, E(X_l)) = Hl(Gv/Iva E(X_l)[u)

unr

The orthogonal complement of the space H} (F,, E(x™')) under the local Tate

unr

duality is denoted by

Hy(Fo, E(X)(1)) i= {u € H'(F,, E(O)(1)) : (5, u)y =0V £ € H,,. (Fy, E(X ™))}

unr

Under the observation

HY (F,E(x™") = E b X(Gy) =1

unr .
0 otherwise

we have
O;®F X(Go) =1

HY(F,,E(x)(1)) otherwise
Definition 32.

By H,(F,E(x™")) we denote the subgroup of H'(F,E(x™")) consisting of classes

unramified outside of p and arbitrary at p.

By H[t](F, E(x™")) we denote the subgroup of Hy(F,E(x™")) consisting of classes

unramified outside of p and trivial at p.

The corresponding orthogonal complements under the local Tate duality are denoted

by HL (F, E(\)(1)) € HA(F, E()(1)) € H'(F, E()(1)).

The main result of this section is
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2. Cohomological interpretation

Proposition 33. The map
0 Uy — Hy(F, E(x)(1))
induced by Kummer theory is an isomorphism. In particular, as a E-vector space,

H, (F,E(x)(1)) has dimension 1.

Proof. This result can be generalised for R of size greater than 1. In that case the
dimension of the corresponding cohomology class is |R|. I will include the proof in

the final draft when I state Gross-Stark conjecture in the general setting. 0

If W is a subspace of H*(F,, E(x™')), define
Hyyo(F,E(Y) € Hy (F, E(x 1)

to be the subspace consisting of classes whose image under the map res;, lies in W.
The dimension of this new subspace is also of interest to us. The following theorem

addresses this question.

Proposition 34. Suppose x(Gy) =1, and W C H'(F,, F) is a subspace containing

the unramified cocycle Kyn,.. Then,
dimg Hy, ,(F, E(x ")) = dimp W — 1
In particular,
dimg le(F, E(x ")) =[F:Q)

Proof. This result can also be easily generalised using the same arguments as used
in DDP. T will include it in the final thesis. [

2.4. Formula for .Z invariant

Definition 35. If W,,. is the subspace of H'(F,, E) spanned by the classes Ky, and
Keye, define
Hyoo(F E(XTY) o= Hyy, (F,E(X7)) (2.3)
By the previous proposition, the space H, ,.(F, E(x™")) is 1-dimensional over E.
Thus, any non-trivial element k in this space is of the form

resy, (K) = Thunr + Yheye
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2. Cohomological interpretation

for some z,y € E. y # 0 for it contradicts the dimension when W, is spanned by

just Kyn-. As the space is 1-dimensional, the choice of £ does not change the ratio

y/x.
By the reciprocity law of Global Class Field theory, we have

(K, 8(uy)) = D (res, b, 6o (1))

(resy, i, Op(ty))p
= q;</<;umq7 5p(ux))p + y<’€cycv 6P<UX>>P
= —1 - 0p(uy) + yly(uy)

But (k,d(u,)) = 0 by definition. Hence, Z(x) = —x/y.

Conjecture 36. The above observation allows us to reduce our theorem to the
following:

There exists a nontrivial class k € H, ,.(F, E(x™")) satisfying

resy, (K) = Thunr + Yheye
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3. A-adic Hilbert modular forms

Main references are [DDP11][Shi78][Gar90]

3.1. Hilbert Modular Forms

Let F' be a totally real number field of degree n = [F' : Q]. The embeddings be
Ti,...,Tn. If @ € Op, then a can be seen as an element of F' — R via the tuple
a = (a; == T;a);.

Let ¢ be a narrow ray class character modulo b with sign r € F}. If o € Op is

relatively prime to b, we can define a character associated to v by
v (Op/6) = Q7, o~ sign(a) ¢ ((a))

Fix an integer k. Let A € CIT(F) be an ideal class, choose a representative
fractional ideal ty. Let GLJ (F) denote the 2 x 2 matrices with elements from F
such that the determinant is totally positive (all galois conjugates are positive).
Define the level

b
I := {(a d) € GLy(F) :a,d € Op,b € t;lbfl,c € bt\0,ad — bc € O;}

c

The space Mj(b,1)) of Hilbert modular forms of level b and character v consists
of functions f = (f)),ecr+(r) With

f)\ HY— C
such that each function f) satisfies

Ialy = ¥p(a) f
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3. A-adic Hilbert modular forms

for all v € Iy where the slash operator |, is defined to be

Hly(z) = det(y)k/Q(cz +d)7F £ (v2)

(cz+d)F := ﬁ(clzl + d;)*

=1

det(y k/2 Hdet Y) k/Q

(a121 + b A2 + bn)
fyz = e

az+di’ U cuzntdy
The function f € M (b,1) must also satisfy

S(m)f = ¢(m)f ¥ ged(m, b) = 1 (3.1)

It can be shown that f) has a Fourier expansion

fa(2) = ax(0) + ) ax(b) exp(2miTrpg(x)) (3.2)

bety
b>>0

Definition 37. The coefficients ay(b) are called unnormalised Fourier coefficients
of f. We define the normalised Fourier coefficients c(m, f), c(0, f) to be

c(m, f) == ax(ONG?, (0, f) == ax (0)Nt; "

where an integral ideal m = bt;l for a totally positive element b and an unique .

Remark 38. Note that the definition does not depend on the choice of b. Indeed, any
other choice of b would differ by a totally positive unit €, and modularity condition
would imply fr(ez)Ne*/? = f(2).

Definition 39. If for each v € GLy(F)" and X\ € CI"(F), the function f|, has
constant term 0, then we say f is a cusp form. The space of cusp forms of weight

k, level b and character 1 is denoted by Sk(b, ).

3.2. Eisenstein series

A standard example of Hilbert modular forms come from Eisenstein series associated

to two narrow ray class characters.
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3. A-adic Hilbert modular forms

Let a, b be two integral ideals of F', n, ¢ be two narrow ray class characters modulo

a, b respectively. Also, suppose the signs of 1, are ¢, r satisfying
q+r=(kk,....,k) mod 2Z"

Then it can be shown that [DDP11, Proposition 2.1][Shi78, Proposition 3.4] there
exists Ex(n, 1) € My(ab,n) such that

c(m, Ex(n,¢)) = > n(m/e)g(e)Net ! (33)

t|m

In fact, the constant term of the Eisenstein series can be computed explicitly[DDP11,

Proposition 2.1}, as seen in the following

27N () Ls (v~ 1 — k) k>1a=1,
0 E>1a#1,

ex(0, Ex(, 1)) = 27"~ (ty) Ls (¥, 0) k=1la=10b#1,
2_n1/1_1(t>\)L5(77¢_1,0) k=1l,a#1,b=1,
27 (M () Ls(¢n~1,0) + 1 () Ls(mp~1,0)) k=1l,a=1b=1,
0 E=1,a,b#1

\

3.3. Construction of cusp form

Definition 40. Whenever L(¢,1 — k) # 0, the normalised Eisenstein series can be
defined as

Gul1,6) = 5 Bl 0) (34

Using the values of Fy(1,) as in the last proposition, we observe that ¢y (Gx(1,),0) =

1.
Recall that x : Gp — @X is a character of conductor n and x(p) = 1. Let

ng =lem | n, H ql, ng=lem | n,p H q

qlp,a7#p qlp,a#p

We will view yx as a character yg(resp. xs = xw'™*) with modulus ng(resp. ng).
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3. A-adic Hilbert modular forms

We will concern ourselves with the modular form

Py := By(1, xg)Groa (1w ™) € My (ns, xw' ™) (3.5)

1—k>

The modular form Gj_1(1,w makes sense as can be seen from the functional

equation of Lg(x, s).

[Wil86]Every modular form in My(ng, xw! =)

can be written uniquely as a linear
combination of a cusp form and the Eisenstein series Ej(n,v) with the pair (n, )

running over the set J of characters with modulus m,,, m, respectively satisfying

mymy, = ng, g = xw' " (3.6)
More concretely,
Py = (cusp form) + Y ag(n, ) Ex(n, ¥) (3.7)
(np)ed

As we are interested in constructing a cusp form, we would like to remove the
contribution from Eisenstein series in the above expression. This is achieved with
the help of an appropriate Hecke operator as will be developed later in this section.
We are interested in the coefficients ay,(x,w!™*) and ax(1, xw'™*) for it turns out
that their values are ratios of the classical L-functions and p-adic L-functions. We

will record this fact in the following

Proposition 41. [DDP11, Proposition 2.6, 2.7] If k € Z>a, then

L 0
ar(1, xw' ") = 20, 0)

= — _gan 7k !
Loyl 1 —F) b k)

If k € Z~y and p is the unique prime above p (|S,| = 1), then

L —1
ak(walik) _ R(X 70)

— N k—1 — _gan -1 k -1 N k—1
S (R (i)

Proof. Tt follows simply by comparing coefficients on both sides of the equation

Py = (cusp form) + Z ar(n, V) Ex(n, 1)
(np)ed

and using the linear independence of characters of the narrow ray class group C1* (F).
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3. A-adic Hilbert modular forms

]

If q is a prime ideal, we denote by T, U, the Hecke operators. They act on the

Eisenstein series in the following manner

T,Ex(n,v) = (n(a) +(q)(Ng)* 1) Ex(n, ¢) q1fns
UsEr(n,¢) = (n(a) + ¢(a)(Na)* ") Ex(n, ) q|ns
= n(q)Ex(n, ) qfmy,
= (q)(Nq)* ' Ex(n, ) q|m,

Definition 42. Remember that E/Q, is a finite extension containing the values of
x. Consider the Og-submodule My(ng, xw'™*; Op) C My(ng, xw'™") consisting of
modular forms with the normalised Fourier coefficients lying in the ring Og. The

ordinary projector or Hida’s idempotent [Hid93] defined as

r!

e = lim I1v (3.8)

qlp

is an idempotent in End(My(ng, xw'™; Og)). We can extend it to My(ng, xw'™%; E)
E-linearly using the fact that

My (ng, xw'™; Og) ®0, E = Mi(ng, xw' ™ E)

It is easy to see that eEy(n,¢) = Ex(n, ¢) if ged(p, m,) = 1 and 0 otherwise. This
allows us to formulate

Proposition 43. [DDP11, Proposition 2.8] If P} = eP,,, then

P° = ( an ordinary cusp form) + Z ap(n, V) Ex(n, )
(n)es®

where (n,1) runs through the set Jy consisting of the pairs (n,1) such that

m”]m¢ = ng, nw - le_kv ng(pv mn) =1 (39)
Lemma 44. [DDP11, Lemma 2.9]

1. For each (n,v) € J° with n & {1,x}, we have a Hecke operator T, ) such
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3. A-adic Hilbert modular forms

that
Ty Ex(n,1) =0, TimyEi(1,xs) =1

2. If the set R = S—{p} contains a prime above p, then there is a Hecke operator
Ty wi-+) satisfying

Tiew-m B, w' ™) =0, Tiywm-rEi(1,xs) =1

If F' has prime above p other than p, then set

1 L (X k) 0
Uy ' = ——————, Wi '= ———FF—, U ‘=
) 1+°fa"(X7 k) : 1+$an(X7 k) g
If p is the unique prime in F’ above p, then set
gan k)~! 1 gan -1 )V=1(Np)k-1
e LG L ZanOCR) T (NN
Ck Ck, Che

where

Cr = gan(Xa k)il + gan(Xfla k)71<Nn>k71 + 1
As a direct corollary to the lemma and the notations above, we have

Theorem 45. [DDP11, Corollary 2.10] If Hy = u,Ey(1, xw* %) + v Ex(x, w* %) +

wy, P, then the modular form

F, = HT(W) H,
()

is a cusp form belonging to Sy(ng, xw'™%). The product is over J° with n # 1 if F
has primes other than p above p and the product is over Jy with n # 1,x if p is the

only prime in F' above p.

3.4. A-adic Eisenstein series

Recall that the Iwasawa algebra A ~ Ogl[[T]] is topologically generated over Op by
the functions of the form k + u* with u € 1+ 2pZ,. For each k € Z, we have a
homomorphism

vp i A= Op, T — ufF 1 —1
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3. A-adic Hilbert modular forms

called the specialisation to weight k. A, will denote the localisation of A at Kervy,

and sometimes we will view v, as a homomorphism from Ay — E.

Definition 46. A family F = {c(m, F), cA(0,.F), m integral ideals of F,\ € CI"(F)}
is a N-adic form of level n and character x if

for all finitely many k > 2, 3 fr € Myp(ng, xw'™*; E) such that vy(c(m, F)) =
c(m, fi), nug(cex(,F)) = ex(0, fx) is called a A-adic modular form.

Futher, if vp(F) is in Sk(ng, xw' ™) for all but finitely many k > 2, then we say .F
is a A-adic cusp form.

The space of A-adic modular forms (resp. cusp forms) of level w and character x
is denoted by M(n,x) (resp. S(n,x)). By extension of scalars, the elements of
Mn, x) ®p Fa (resp. S(n, x) ®a Fa) are also called A-adic modular forms (resp.

cusp forms).

The usual Hecke operators T, U, commute with specialisation. Thus, the action
of these operators on the spaces My (ng, xw' %), Sp(ng, xw!™*) give rise to action in

the space M(n, x) that preserves S(n, x). We also define the ordinary subspaces
MO(n,x) = eM(n,x), S°(n,x) = eS(n,x)

It is well known that the ordinary subspaces are finitely generated torsion-free A-
modules. Let
T C End(M°(n,x)), T C End(S%n,y))

be the A algebras generated by the Hecke operators Ty, Uj.
By extension of scalars, the elements of M°(n, x) ®x Fa (resp. S°(n, x) @, Fa) are
also called A-adic modular forms (resp. cusp forms).

Proposition 47. [DDP11, Proposition 3.2] If n,% is a pair of narrow ray class
characters modulo m,, my respectively, such that mi is totally odd. Then, there

exists a A-adic modular form
& € M(mymy, mb) @ Fa

such that
Vk((gg(na ¢)) = Ek(nv ¢w1_k)
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3. A-adic Hilbert modular forms
Proof.

clm, Bl g0' ™)) = D nfm/e)u(e)e (et

tjm

= > nm/t)(o) Nyt

tjm
ged(r,p)=1

Moreover, if we choose s € Z, such that (Nt) = «®. Then,
vi((L+T)7) = (Ne)*~

Thus, the terms on the right hand side can be seen as specialisation of elements in
A. Moreover, the Lg,(n *w, 1 —k) can also be seen as specialisation of an element
of A. Hence, Ei(n,vw!™) can be seen as a specialisation of an appropriate A-adic

form. This completes the proof. 0

Definition 48 (Shifted weight forms). A family #' = {c(m,.F),c\(0, F), m inte-
gral ideals of F,\ € C1"(F)} is a A-adic form of level n and character x if

for all finitely many k > 2, 3 fi € My_1(ng, xw'™% E) such that vy(c(m, F)) =
c(m, fu), vk(ea(LF)) = ex(0, fi) is called a A-adic modular form.

Proposition 49. There exists an element 4 € M’ @x Fa such that
ve(9) = Gra(Lw'™)

Furthermore, if Leopoldt’s conjecture holds for F, then the form & € M’ @a A,
and

Vl(g) =1

Proof. The existence of ¢ follows by defining it via

vi(e(m,9)) = 2G(F.2 = k)™ Y n(m/u() (N v(e(0,9)) = 1
t|m
ged(r,p)=1
If Leopoldt’s conjecture holds, then by a result of Colmez cite Colmez, the p-adic
zeta-function (,(F, s) has a pole at s = 1 and thus (,(F,2 — k)~! is regular at s = 1
and vanishes at that point. This completes the proof. Il
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3. A-adic Hilbert modular forms

3.5. A-adic cusp form

Very naturally, we want to know if our classical modular forms P, P_, H;, and the
cusp form Fj can be interpolated p-adically. This is where the slightly ad-hoc

condition in the hypothesis comes in handy.

Proposition 50. [DDP11, Proposition 3.4, Lemma 3.5] Suppose Leopoldt’s conjec-
ture holds for F', and

Ordk:l (gan<X7 k) + gan(x_l7 k)) = OrdkzlganO(_l? k)

Then there exist A-adic forms P € M(n, x) ® Aqy, P°, € M°(n,x) ® A, F €
S°(n, x) ® Aqyy such that for all k > 2

Vk(gz) = Pk, Vk(egz(J) = PO, Vk(jf) = Hk,Vk<egZ) = Fk
In particular, the weight 1 specialisations are
vi(P) =wn(2°) = Ei(1, xr), v () = Er(1, xs),

n(F) =tFE(1,xs) for somet € E
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4. Galois representations

The eigenform .77 determines a A(;y homomorphism
¢ TNy = B, T vy (c(Op, TH))

which sends a Hecke operator to its eigenvalue on v () = E;(1, xs). The map
¢1 can actually be seen as a map from T ® A1) — E as there is a Hecke operator T’
such that TJ¢ = % and v1(F) = tEi(1, xs). Let T (1) be the localisation of T® A
at Ker(¢;). T is finitely generated as A-algebra and Ay is Noetherian, so T ® A
is Noetherian and so is T(;y. Moreover, T ) is reduced [DK23]. Therefore, the total
ring of fractions F(;) of T ;) is isomorphic to a product of fields

f(l):f1X"'XFt

where each F; is a finite extension of F,. Fix a factor F := F;. We write T and
U, for the images of the corresponding Hecke operators in F; under the projection
map f(l) — F.

Recall the cyclotomic character
Eeye * G F— Z;

satisfying
Ecyc(Froby) =Ng if q{p

We can define the A-adic cyclotomic character

§cyc : GF — Z;

(Frobg)(k) = (Nq)*~

§cyc
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4. Galois representations

4.1. Galois representation attached to ordinary
eigenform
A theorem of Wiles says that

Theorem 51. [DDP11, Lemma 4.1] There exist a continuous irreducible Galois

representation

such that

1. The representation p is unramified at at all primes q outside S, and the

characteristic polynomial of p(Froby) is given by
® = Tyz + x(q)(Ng)* !
In particular, det p = xe.,.

2. The represenation p is odd, i.e. the compler multiplication acts as —1.

3. For each q | p, let Gy denote the decomposition group at q. Then,

-1
XEcyell *
p|Gq _ ye'lg
0 Mg

where 1 s the unramified character of G satisfying

nq(Froby) = U,

Let V ne the vector space associated to p. For a choice of basis of V', we can

represent p as

with a,b,c,d : Gp — F. Let R denote the image of T(;) under the projection map
Fuy +— F. Fix a choice of complex conjugation § € Gr. Since p is totally odd, we
can find a basis of V' such that
1 0
5) =
p(9) (0 _1>
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4. Galois representations

We fix the basis once and for all. For x € R, let T € E be its reduction modulo the

maximal ideal m of R.

Theorem 52. [DDP11, Theorem 4.2] The representation p has the following prop-

erties:

1. For all o € G, the elements a(c),d(c) € R*, and a(c) = 1,d(c) = x(o). In
particular,
proa=1, ¢rod=x

2. The matriz entry b does not vanish identically on the decomposition group G,
at p.

4.2. 1+ ¢ specialisation

Let v14c : Ay — E := E[e]/(€®) be the map f — f(1) + f'(1)e.

Recall that ¢(1)(Ty) = vi(c(q,147)) = TyH1 = TyE1(1,xs) = 1+ xs(q) for
q # p. The observation is that Hy . = v14.(4) can also be written as sum of two
characters that lift 1, y.

Definition 53. Let ¢ : Gp — E be a character unramified outside p and defined
by
V1(q) = 1+ vikee(q)e Vaip

Ui(@) =1 alp
Let vy : Gp — E be a character unramified outside S and defined by

Ya(q) = x(@)(1 + urkeye(q)e Vqip

Ua(q) =0 g€
Theorem 54. [DDP11, Proposition 3.6] The Fourier coefficients of Hy,. satisfy
1. (1, Hy) =1
2. c(q, Hive) = ¥1(q) +02(q) if g # p

3. c(p, Hie) = 1+ wi(e)
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4. Galois representations

And, Hyiy. is a simultaneuous eigenform for the Hecke operators T, for q € S and
U, for q € S. The eigenvalues are given by the above calculated coefficients.

This lets us define a Ay homomorphism
G TR Ay = B, T = v (c(Op, TH))

In fact, ¢14c factors through the quotient T @ A of’f‘ ® Aqy as there is a Hecke
operator T such that T =

Proof. We shall prove this theorem in the case when p is not the only prime in H
above p (the other case is done in [DDP11, Proposition 3.6]). Let m be an integral
ideal of O and write m = n(p) with ged(n, (p)) = 1. Note that

o, Bre(1 ) = 3 x(0)(1 + ergel) (41)
tn

x(v) = xs(v) ifpfe (4.2)

x(t) =0 ifp|e (4.3)

Therefore,

c(m, Ex(1, X)) — e(m, Ex(1,xs)) = D (x(r) = xs(v)) = ordy(n ZX) (4.4)

t|m
Using the same arguments as in [DDP11] we can show that
c(m, Hipe) = | Y du(n/e)da(r) | (1+wie) ™
tln
The result follows from this. ]
As w(k) = u(k)Zun(x, k) we have w] = u1.%Z,,(x). Thus, we have the following

Theorem 55. [DDP11, Theorem 3.7] Assuming that Leopoldt’s conjecture holds for

F', and the assumptions
1. If |Sp| > 1, then the conjecture is true for all x.

2. If |S,| = 1 and furthermore

ordg—1 (L (x, k) + .Zm(x_l, k)) = ordp—1Zon(x ", k) (4.5)
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4. Galois representations

Then there exists a A1y-homomorphism

¢1+e : T(l) — E
such that
G14c(Ty) =11(q) +a(a) agS (4.6)
P14¢(Ug) =11(q) qER (4.7)
¢1+6(UP) =1+ ulgan(X)E (48)

4.3. Construction of cocycle

Recall that for each quotient F; of F(1), we have constructed a Galois representation
pi » Gp — GLo(F)
The product of these representations give us a Galois representation
pa) 1 Gp = GLa(Fy)

The main properties of the Galois representation p := p(;) is recorded in the

following theorem:
Theorem 56. [DDP11, Lemma 4.3, Theorem 4.4]

1. For the chosen complex conjugation 9, we have

p(0) = (; _01>

2. For all 0 € Gp, the entries a(o) and d(o) belong to T(Xl), and

P14e0a =1 (4.9)
bricod = (4.10)

3. Let iy = 1+ 9'e and define a, € E by

¢1+6(Up) = 1 + GJ;E
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4. Galois representations
Then, there exists a cohomology class k € Hy (F, E(x™")) such that
1Sy, = —0ypKunr + Keye — 1esg, (1)

Using this theorem, we can complete the proof of the conjecture. Using the last
two theorems, we have 1| = vikcy. and a, = u1-Zan(x), and hence obtain a class
k€ Hy(F,E(x™")) such that

resy, = —a;/ium + Keye — resy, (1)
= — U1 Lon(X) Kunr + Keye(1 — 1)
= U1 (—Lon(X) Kunr + Keye)

Since u; # 0 due the hypothesis, we can replace k by x/u;. This gives a cohomology
class k € Hy (F, E(x™")) such that

I'eS[p ("i> = _Dg/ﬂan(X)"funr + Reye

If we replace by x !, then the roles of b and ¢ are reversed and this completes the

proof.
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5. Work of Dasgupta-Kakde-Ventullo
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6. Stark’s conjectures
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A. Dedekind Zeta Function

Let k£ be a number field, S a finite set of places of k containing the infinite places
Se of k. Then, define the Dedekind zeta function for Re(s) > 1 by

G(s) = Gesu(s) = [T 1 -Np) "= Y

PEZSoo 0#£a<0

1
Nas

(A.1)

and more generally

Gs) =T[0-m) " = Y (A.2)

PES 0#a<0
ged(a,p)=1V peS

The function above can be meromorphically continued to all of s € C. The

functional equation is discussed in Appendix F.
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B. Abelian L-functions

References for this section is [Tat84, §1], [Mar77].
Let k£ be a number field, S a finite set of places of k£ containing the infinite places
Soo of k. Let x be a complex valued function on the ideals of the ring of integers of

k. Define the L-function formally by

L) = JT (- xmp) ™ = 30 M9 (B.1)

pZSco 0#a<0y

If x satisfies the asymptotic condition y(a) = O(Na?) for 0 € R, then L(s, x)
converges for Re(s) > 1+ 0.

For example, when k = Q, we have the Dirichlet characters x : (Z/fZ)* — C*
for f € Zss. The character can be extended to all of Z by letting x(a) = 0 if
ged(a, f) # 1. For a general k, fix an integral ideal § of k& and consider the exact
sequence

0 > Of > ki > I > G5

e}

where

Of ={z €0y :x=1 mod f}
ki ={r€ek”:x=1 mod f}
L={ael:a=1 mod f}

and Cf the quotient of I; by the principal ideals generated by elements of k:fx. We
want to get a character of I; through a character of Cj

For k = Q, we have Cy = (Z/ fZ)* /{£1} which does not really correspond to the
Dirichlet characters we started with. We thus have to take into consideration the
question of sign: if 7" is a set of real places of k, we denote by k{7 (resp. Ofy) the
elements of k{(resp. Of) that are positive for all places of T. Let Cjr denote the

quotient of I; by the image of kffT. This is a finite group. To summarise, we have
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B. Abelian L-functions

the following commutative diagram whose rows and columns are exact:

?
0 > OF > ki > 1 > Cr > 0
T ~
0 —— OLT » IJTT > I » Cgp ———— 0
[ . "
0 0 0 (O/F)* /Tm(Oz)
0

A homomorphism x : Cjp — C* is seen as a function on I by letting x(a) = 0 if
a is not coprime to f. We thus have

L(s,x) = [[ (1 = x(p)Np=) "

pif

The above product converges for Re(s) > 1.
We say that x : Cy, — C* is primitive (where fr is the conductor of ), if for all
f'If and T" C T, there exists a x’ such that the following diagram commutes:

— Cp,

\l

implying " = f,7" = T. By abuse of language, from now on we say L(s, x) is

fr

primitive if y is. Consider a function L(s, x) non-primitive if it removes a few Euler
factors.

We know how to analytically continue L(s, x) to the entire complex plane with a
functional equation, cf. Appendix F. If x = 1, L(s, x) is equal to (i or one of ;s
depending on whether f =1 or not. If x # 1, we know that L(s, x) is holomorphic
and L(1,x) # 0.

In terms of ideles The ys constructed correspond to continuous homomorphisms

A — S* of finite order and trivial on principal ideals of k*. In effect, an idele
(x,) € A} corresponds to an ideal J; generated by the components z, for p | f.
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B. Abelian L-functions

We are not going to, in these notes, concern ourselves with the more general quasi-
characters of AJ.

The theory of ray class fields establishes, for all pair (f, T') as before, the existence

of an unique abelian extension Ky of k- namely ray class field f - such that the

following three conditions are satisfied:
1. A prime ideal p of k ramifies in K if and only if p | f.

Notation: If K /k is an abelian extension with a finite Galois group G, p a
place of k that does not ramify in K /k and B a place of K that divides p,

then we note that ( ) is an unique element of Gy C G (see below) whose

P
K/k
reduction modulo B is the automorphism = — 2™™? on the residue field of .

As @ is abelian, the above depends only on p.

2. The map p — ( ) induces an isomorphism-namely the Artin reci-

P
Kpr/k
procity :

1/}f : Cf’T l) Gal(Kf,T/k)

3. The norm Nk, ,/ra of each ideal a # 0 from Kjr prime to f is a principal
ideal generated by an element of k;T.

Moreover, for each finite abelian extension K /k, the Galois group G, there exists
a pair (f,T) chosen minimally (called the conductor of ) K /k such that

1. K Q Kf,T;

2. The surjection ¥, : Cyr v, Gal(Kyr/k) — G is induced from the map

e

3. The kernel ker ¢ /;, forms the class of representatives of the norms of the ideals
of K.

By G we denote the characters (of dimension 1) of the group . Thanks to ¥y,
the elements of G can be interpreted as a character of the type envisaged in earlier
section. The conductor of y € G is then that of the fixed field of kery C G. By
writing primitive functions everywhere, we prove the following decomposition ([see
CF10, p. 217]; [Wei95, pp. XIIT-10]):

Cr(s) = [T L(s,x) = Cre(s) [ L) (B.2)

xe@ x#1
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C. Linear representations of finite
groups

The reference for this section is [Ser77]

Suppose G is a group of finite order g and E a field of characteristic 0. An E-linear
representation of G is a homomorphism p : G — GL(V), for a vector space V over
E. This amounts to providing V with an E[G]-module structure. We can therefore
simply talk about the representation V' of G.

The character of the representation p is a function x = x, : G — E, such that
the trace equals that of action of the automorphism p(z) (z € G) on E. This is
a class function (i.e., x(zyz™) = x(y) V 2,y € G) with x(1) = dimV. Tt takes
its values on a cyclotomic extension of Q contained in E. We denote by a — a*
the automorphism of the cyclotomic extension of Q induced by the substitution
¢ — ¢! of roots of unity. For E C C, we find that a* = @ (complex conjugation).
Likewise, we write x* (or y, if £ C C) for the character obtained by conjugating the
values of xy. Two representations of G are isomorphic if and only if they have the
same character. This follows from the orthogonality relations between irreducible
characters of G (= characters of representations with no proper G-stable subspace),

relative to the following scalar product :

(e = = 3 (0 = ¢ 3 ulohele)

oeG oelG

We note that 15 : G — E is just the trivial character corresponding to the dimension
of dimension 1. A wvirtual character of G in E is a combination of Z-linear characters
of G attached to the representations of GG in F.

Properties of (-, -)g

Here, the arguments of the scalar product will be that of virtual characters.
1. <X17X2>G € Z

2. (x1+x2:x3)¢ = (s xs)e + (X2 X3)a
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C. Linear representations of finite groups

(x1,x2)e = (x2, x1)¢ = (x1X3: 1a)e

3. Frobenius Reciprocity

Suppose H is a subgroup of G of order h; ¢ a virtual character of H and x a

virtual character of G. So,

(W, x|r) g = (Ind5¢, X)a

1
Here, for o € G, Ind$(0) = 7 Z V(7o)
TeG, 7~ lorcH
It is the function induced on G by 9. If ¢ is the character of the representation
H — GL(W), then Indy is that of the induced representation E[G]| @ gim W

of G.

Given an F[G]-module V and a subgroup H of G, we let VZ = {z € V : o0 =
x Yo € H}. If W is also an E[G]-module, the action of G on V ®@g W is given
by o(z ® y) = ox ® oy and on Homg(V,W) by (of)(x) = o(f(c'z)) so that
Homp)(V,W) = Homp(V,W)¢. If V (resp. W) is a representation of G over
E of the character x (resp. ), then x® is a character of V @z W while the
one of Hompg(V,W) is x*1. In fact, we have V @ W ~ Hompg(V*, W) where
V* = Hompg(V, F) is the dual of V. According to what we have said, the conjugate
character y* of the character y is attached to the action of G on V.

From now onwards, the group G given will be the Galois group of the finite
extension K /k of global fields. We will always assume the action of G is on the left.
However, we sometimes write a” instead of oa ( for o € G,a € K). In these cases,
the reader should be accustomed to the formula a’” = (a'**)? for 0,7 € G,a € K.

If w is a place of K, G, is used to denote the decomposition group of w with
respect to K /k, i.e., G, = {0 € G : ow = w}. If w is non-archimedean, I,, is used
to denote the inertia group of w, formed by the elements of G, that induces trivial
automorphism on the residual extension. So, if v is the restriction of w in k, the
Galois group of the residual extension of w/v is identified with G,,/1,, and one notes
that o, € G /I, is the Frobenius automorphism (elevating to a power of Nv on
the residue field of w). o, generates Gy, /1.

If w is archimedean, we sometimes write o,, for the unique generator of G,. In
fact, in the case GG, is of order 2 or 1 depending on whether w is complex extension

of a real place or not.
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D. Definition and properties of Artin
L-functions

Suppose K /k is a finite Galois extension of number fields with Galois group G. Let
X : G — C be a character of a complex representation G — GL(V). With the
notations as in the previous section, for each place P of K, the element oy € G/ I
acts on V. Note that, for Re(s) > 1,

L(s,V) = [ [ det(1 — opNp~s[V¥)~! (D.1)
p

where p denotes a finite place of k and for each p, B is a place of K dividing p
(arbitrarily chosen). The oy given are conjugates of each other, thus the value
of the "characteristic polynomial” of oy appearing as a member in the product is
independent of the choice of .

The same argument shows that L(s, V) remains unchanged if change V' by an
isomorphic representation. We can therefore write L(s, x) without ambiguity instead

of L(s,V). In fact, here is an explicit formula due to Artin which depends only on
X :

log L(s, x) ZZ — ans (D.2)

p n=1

where x/( aq3 |] | Z

TEO’

Formal properties:

Once we have shown analytic continuation of L(s, ), the following properties

become valid for all s € C.

1. Additivity
L(s,x1+ x2) = L(s,x1) + L(s, x2)

2. Induction
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D. Definition and properties of Artin L-functions

K
H‘ For a subgroup H of G and a character x of H, denote by
1 Indyx the character of G induced from y. So,
‘ L(s,Indfx) = L(s, x)
k
3. Inflation
K For a quotient G’ = G/H where H is a distinct subgroup
H ‘ of G and x a character of G’, denote by Infly the character
K G—G/HS C. So,
el G
k L(S7InﬂG/HX) :L(87X)

4. If x(1) = 1, that is to say that V is of dimension 1, the homomorphism
X : G — C* factorises through the abelianisation G% of G.
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E. A theorem of Brauer and Artin’s
conjecture

A character of G is termed monomial if it is induced by a character of degree 1 of a
subgroup of G. The theorem of Brauer affirms that all characters of GG are integral
linear combination of irreducible monomial characters.

Thanks to our discussion in last section, we can deduce that each Artin L-function

can be written in the form

H L(s, ;)™

with n; € Z and 1); is a character of degree 1;(1) = 1 of a suitable subgroup H; of
G. On applying the induction property, we can pass to a quotient H; of ker 1, so
that ¢; becomes a character of cyclic group.

Let x be a character of a complex representation of G. One cannot always impose
on the integers n; to be positive. Nevertheless, this decomposition tells us that
L(s, x) has an analytic continuation to a meromorphic function defined on the entire
complex plane.

The conjecture due to Artin says that L(s, x) is an entire function, if y does not

contain the trivial character 1¢ ([Mar77, pp. I-5]).
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F. Functional equation

The main references for this section is [Wei95][God95a][God95b]

Let x be a character of a complex representation of G = Gal(K /k).

To begin, complete L(s, x) with the gamma factors corresponding to the infinite
places of k. Let
s
3
Fe(s) =Tr(s)Ir(s+1) =2 (2m)°T'(s)

Tr(s) = 7 *2I(

For each infinite place v of k, choose a place w of K lying above v. If G, has order

2 (cf. 1.4.4), let x_ be a non-trivial character. In any case, put x; = W, and write

X|Go = ne(w) x4 +n_(w)x—

So we have n, (w) = dim V and n_(w) = codimV %+. Using this decomposition, the

local factor Ly does not depend on our choice of w, and is defined by the additivity
Ly (s,x+) =Tc(s) if V' is complex
from the formulas : ¢ Ly (s, x;) = ['r(s) if V' is real

Ly(s,x-) =Tr(s+1) if V isreal

If r9 is the number of complex places of k, we set

ay =ai1(x) =D, oy dimVEw
az = ax(X) = X0 codimV & =% codimV
n =[k:Q] = ﬁ(al(X) + az(x) + 2r2x(1))

More explicitly,

a S . 1 a2
HLV(S’ X) = 2T2X(1)(1_5)p_72_5”X(1)F(3)72X(1)F(s/2)‘”F (3_{2' ) (F.1)

v|oo

Note that we have a;(x) = a;(x) for i = 1,2, ...
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F. Functional equation

If p is a finite place of k, choose a place B of K such that Plp. If Iy = Gy D
G1 2 G5 D -+ be the sequence of ramification groups of B /p ([Ser79, ch. IV]). We
denote by g; the cardinality of GG; and put

[e.9]

foep) =3 Leodimye (F.2)

i—o J0

This number does not depend on the choice of B and we can show that it is a
rational integer ([Ser79, see VI-2]). As we trivially have f(x,p) = 0 if p does not
ramify in K /k, we can define the Artin conductor of y by

Fx) = [ p/ (F.3)
p

where p denotes all the finite places (prime ideals) of k

We put, with the notations as before:

A(s,x) = {|de N F )Y T] Lv (s, x)L(s, X) (F.4)

v]oo

where |dy| € Q is the value of the absolute discriminant of k over Q; N f() > 0 the
absolute norm of f(x); and for a real positive a and z € C, we put (here and then)
o® = exp(zlog a) with loga € R.

So, the functional equation of L(s, x) can be written as

Al =s,x) = W(X)A(s,X) (F.5)

with a constant W () € C* of modulus 1.

The constant W (x)-named ”Artin’s Wurzelzahl” is written as

W(x) = Wee ()T ()N ()2 (F.6)

where W (x) = Hi“’dimvcw — 200 and the complex constants 7(Y) are charac-
v|oo
terised by the following formalism :

1. 7(x1 4+ x2) = 7(x1)7(x2)

2. r(Ind%(x)) = 7(x) ((Nk DK //{:))1/22'm(k’/k)>><(1)
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F. Functional equation

K
H ‘ where D(k'/k) is the discriminant ideal of &’ on k and
K m(k'/k) = #{v" : v'|oo : V' is a place of k', G (k' /k) #
| ()
k

3. If x is of dimension 1, we interpret accordingly as a Dirichlet character of
k, so 7(x) is a Gauss sum involved in the functional equation of the abelian

L-function (see [MaD], II-2 for the explicit local formulas).

Note that ([Mar77]) we have W (X) = Ww(x) and f(X) = f(x). Finally, we
will rewrite the explicit functional equation by using the following identity ([Mar77,
p. 49)):

Nf(x)'"?
T(X)Woe (X)
The sign of the discriminant dj, € Q is (—1)". We put

W(x) = (F.7)

\dp = ir2|dk|1/2 eC

With all the notations, here is a explicit version of the functional equation :

me(l)wﬂuznxu)( I(s) >r2x(1)< I'(s/2) )“1
L(1—s,x) = (VA" F(i-s) M((-9)/2)

ds (F.8)
<r<(1+s>/2>> B*L(s,%)

I'((2-5)/2)

where B is a non-zero positive real.

Let us write c(x) (resp. c¢i(x)) for the first non-zero coefficient in the Laurent
series expansion of L(s,X) (resp. L(s,x)) at s =0 (resp. s = 1) and let 1(x) be the
multiplicity of L(s,x) at s = 1. Letting s — 0 in equation for L(1 — s, x), we can
finally obtain (recall that I'(1/2) = 7'/2 and that I' has a simple pole with residue
lat s =0):

0 (1) 2200 +72x(1)

€1 (X> _ (_1)T1 2T2X(1)+a1
OV

(F.9)
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