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History of zeta and L-functions

Riemann’s zeta function and Dirichlet’s L-function

1. The Riemann zeta function

is a priori defined for Re(s) > 1, with Euler product decomposition:
() =JJa-p7"
2

2. Let x: (Z/NZ)* — C be a Dirichlet character. Assume that the
character is extended to all of Z in the usual manner and also that the
character is primitive. Then, we have an associated L-function:

— x(n)
nS

L(s,x) =

n=1

The sum is defined for Re(s) > 0 to begin with. Also, the sum admits an
Euler product decomposition of the form :

L(s,x) = [[( = x)p™)"

ptN
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History of zeta and L-functions

Dedekind’s zeta function and Hecke’s L-function

3. If K is a number field (finite extension of Q) with ring of algebraic
integers Ok, then we may define a (-function attached to K as

1
(o) =2 N
0#a
Unique factorisation of fractional ideals yields the Euler product

decomposition:
1\
o) =TT (1~ )

p

4. Hecke proved the analytic continuation of and functional equation for
Dedekind (-functions, and for more general class of L-functions

L(s,x)= > ﬁég

a,(a,m)=1

where x is what we now call a Hecke character or equivalently a
GroBencharactere or an ideéle class character of conductor m.
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Ring of adeles and ideles

Adeéle ring

To rectify this issue, we define adéle ring using the restricted product topology.
So, the adele ring (denoted by A) is defined as

A= [Lem(@v,zv) i={(zv) € [] Qu such that z, € Z, for almost all v}

vEME

= This is a ring with operations

(.’17007.772,.1’3, B ) + (yoo73,12,y3, B ): (T% + Yoo, T2 + Y2, T3 + Y3, . . )

(Toos 2,23, -+ -) * (Yoor Y2, Y3, - - -)= (Too * Yoor T2 Y2, T3 * Y3, - - -)

= This is also a topological ring with basic open sets
I
v

with U, open in Q, and U, = Z, for almost all v.

= The projection map = + x, is continuous, and thus it is finer than the
product topology.
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Ring of adeles and ideles

Idele ring

Now, we are also concerned with the group of units of the adéle ring which we
call ideles. We define the group (denoted by A*) by

A =11 @, z2)

= This is a topological group with basic open sets
v

and U, = Z. for almost all v.

with U, open in Q

= This topology is finer than the induced topology.
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Ring of adeles and ideles

Properties of adele and idéle ring

1. A is locally compact and Hausdorff.

2. Q — A (diagonal embedding) is discrete, and the quotient A/Q is
compact.

3. Q acts on A by right translation. This lets us define a fundamental domain

A/Q~D:=1[0,1)x [[Zy
P

OR
A=||(k+D)
keQ
4. Similarly, we can also embed Q* diagonally into A*, and again we can
show that this image is discrete and moreover A* /Q* is compact.
X

5. Again, we can define a fundamental domain for the action of Q* on A* by

A*/Q* ~ E:=(0,00) x [ [ Z»
,
OR
A= || kE
ke”\X
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Tate’s proof of functional equation

Local measures

Existence of Haar measure

A locally compact group G has a Haar measure unique upto a positive scalar.

As a consequence, the locally compact group QF has a Haar measure.

» Let dz be a Haar measure on (

dx . p .
* Then, d*x = |— is a Haar measure on Q;;. We also choose this measure
Tlv
such that vol(Z,) = 1.
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Tate’s proof of functional equation

Local characters

For the local field Q,
* The additive group Q. = R™

is naturally isomorphic to its character
group S', the isomorphism being given by

Yy (v 627”.1'1/)

When we are looking at Q,, the map e, : Q, — S* given by

oo —1
ep Z anp” | = exp | 2mi Z anp"
n=—N n=—N
has the property that if x : Q, — S* is a group homomorphism then there
is exactly one a € Q, such that x(z) = ep(ax)
= More compactly, the additive group Q, is naturally isomorphic to its
character group Qi via the map & — (1 — e?™*A(EM)
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Tate's proof of functional equation
Fourier transforms

Recall the space S(R) of all infinite differentiable functions f : R — C such
that for any two m,n € Zxo, the function 2™ f{™(z) is bounded.

~

For p a prime, a Schwartz-Bruhat function is a function f : Q, — C that is
locally constant with a compact support. We denote the space of such
functions by S(Qp). Now, we can define the Fourier transform of a function

J €8(Qy) for p < oco. Let,

Fl) = / f(@)ep(~ay)dz

Fourier inversion formula

There is an unique measure on the character group (dx the Plancherel
measure) such that the inversion formula

f@) = [ Foox(@)dx = Fl—z)

Qp

for “good” enough f.
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Tate’s proof of functional equation

Archimedean local zeta function

— T

=€ % is self dual, i.e., V/A'X = foo. The Archimedean

Recall that foo ()

local ¢-function is :
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Tate’s proof of functional equation

p-adic local zeta function
Recall that f, = 1z, is self dual, i.e., V/A',, = fp. The non-Archimedean local

(-function is :

¢(fp,s) = / . Io(@p)|2p ;dX"'/f
Jo
' s p  dzp
= Tplp — 7
. p—1l|zplp

P

p ' s—1
S Z / |zp|,  dxp
I k>0 PHZp
p k(s—1) kry
= p— Z p vol(p“Zy)

k>0

b k(s np—1 k

T p 121) P P
k>0
ks

-3

k>0
~(1-p
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Tate’s proof of functional equation

Adeélic measure

The Schwartz class of functions S(Agn) is the space of all functions
g : Ay — C which are locally constant and have compact support.
By S(A), we denote the space of all functions of the form

9(@) = hy(@sin )15 (To0)
=1
where h; € S(Agn) and r; € S(R).
It can be shown that every function f € S(A) can be written as a finite sum of
functions of the form
I 7

vE M, Q

with f, € S(Q,) and f, = 1z, for almost all p.
Since A is a locally compact group, it has a Haar measure which can be
normalised such that for every integrable simple function f = H;, fp, one has

the product formula
/ f@yde =] / folap)da
o p Y¥p
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Tate’s proof of functional equation

Adélic characters and Fourier analysis

Theorem

For every = € A, the product
H ep(Tp)
v€ Mg

has only finitely many factors not equal to 1, i.e., the product is finite. The
ensuing map e : A — S* is a character.

Moreover, for every character x : A — S*, there exists an uniquely determined
a € A with x(z) = e(az). The map x — a is the isomorphism of A to A.

For f € S(A), we define the Fourier transform by:

f): / f(z)e(—zy)dz
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Tate’s proof of functional equation

Adelic Fourier analysis

Again, for “good” enough functions, we have the Fourier inversion formula:

Theorem
For every function f € S(A) of the form f =[], c,,. fo with f, € S(Q.), one

has N N
=11 &~

vEMg

For f € S(A) one has fe S(A) and the inversion formula for the Fourier
transformation is

)

(z) = f(-=)

Irish Debbarma Iwasawa-Tate theory Indian Institute of Science, Bangalore



Tate’s proof of functional equation

Adelic zeta function

Let f = ] fv be the self-dual function. Then,

C(fs) = / f(@)a)’
:H/ (@) || d* z,
= 7r(s/2) [[a - p )"

D

The adelic zeta function just becomes the usual completed zeta function.
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Tate’s proof of functional equation

Adeélic Poisson Summation formula

Classical version

For every f € S(R), one has

S Fk)y=>" F(k)

kEZ keZ

Adelic version

For every f € S(A), one has

S )= fl@)

q€Q q€Q

where the series are both absolutely convergent.
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Tate’s proof of functional equation

Proof of Poisson summation formula

Let F'(z) := > ,cq f(a+ ) and ¢ be a Q-invariant character of A. Then,

F(k) = //T/TND Z flx+q) | Y(kz)dx

q€Q

-5 [ s vt

q€Q

=> f@)d(k(x — q))dz

qeQ” P+a

:/ﬁf(-'ﬁ)@'(kil?)d;p
= f(k)

Now, F(z) =, co f(q)?(qr) So, evaluate at = 0 to obtain the result. [
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Tate’s proof of functional equation

Adelic theta function and analytic continuation

Define O(x) = Z«;e@ f(gz). By applying adélic Poisson summation formula,

one has
1 1

By slicing the integral into Q* classes, one gets
C(f,s) = / f@)|x)*d*x
= / Z flgx)|qz|*d* x
JAX /QX~E

Y qeQ

After some manipulation, one obtains

L)+ 10 [ el o= (51 -9+ 10) [ el @

A X JAX

This is the desired analytic continuation.
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Tate’s proof of functional equation

Thank you! Available for questions

Picture of Letter from Iwasawa to Dieudonne, Kenichi lwasawa, and John Tate.

April 8, 1952

Professor J. Dieudonne
aint-Michel, Nancy

Dear Professor Dieudonne:

A few days ago, I received a letter from Professor A. Weil, asking me
to send you a copy of a letter I wrote him the other day and to give yor
ons. 1, therefore,

a brief account of my result on L
copy of that letter and write an outline of a on L-functions,
t k be a finite algebraic number field, J the idele group of ,
topologized as in a recent paper of Weil. J is a locally compact abelian
ipal idele group P as a discrete subgroup. We
(ay) such that
1 for all infinite (i.e. archimedean) primes P. We call J the finite
pact of J and define the nfiite part J similarly, 80 that wo have

Jo X Joo, 0= 0O08eo, G0 € Jo, o € Joo

We also denote by U the compact subgroup of J consisting of ideles
(u,,; such that the absolute value |ayl, = 1 for every prime P.
is then an open, compact subgroup of Jo and Jo/Up is
P ly isomorphic to the ideal group I of k. According to Artin-
m ,,h we can choose the absolute values |a,|, so that the volume
function V(a) = Hylayly (a = (ap)) has the value 1 at every principal
idele o € P (the pmdu(\ formula) and that V(ag)~" s equal to the

ideal &, which corresponds to g by the

Jo/Uy and I K. Inasawa, Receiving the Abel Prize in 2010

Princeton, 1986

abaclute norm

above mmmphmn betwe
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