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Preface

For a number field K, let (x(s) denote the Dedekind zeta function, a priori defined
only for Re(s) > 1 by the Euler product

L1 (“NLs)_]

p:finite places

We can analytically continue this function to the entire complex plane and obtain a
functional equation as well. Dirichlet was able to show that there is a pole of (x(s)

at s = 1 and infact the residue at s = 1 is of utmost importance. He showed that
Ress—1 Ck(s) = 27(27m)% hR
\/E e

where 17 is the number of real embeddings, r; the number of complex embeddings,
d is the absolute discriminant, R is the regulator, h is the class number, e is the
number of roots of unity contained in K. This is one of the many instances where the
special value of a L-function is related to an arithmetic invariant of the underlying
algebraic object.

Artin introduced L-functions L(¥, s) attached to any complex representation ¥ :
Gal(K/K) — Q" of the absolute Galois group of number fields. In a series of
papers starting in [Sta71], Stark studied the special values of these L-functions and

conjectured that
L(x,s)

ST

= R(x)A(x)

where 1, is given, R(x) is the generalised regulator and A(x) is some arithmetic

Resq—

constant. Stark’s conjecture was refined and reformulated by Tate in [Tat84]. Soon
after, Deligne-Ribet [DR80], Cassou-Nogues[Cas79], Barsky[Bar78|] were able to con-
struct p-adic L-functions which interpolate to special values of these L-functions.
Gross conjectured a similar formula for the leading term of the p-dic L-functions

Lp(wx, s)

Ress—o
ST

= R, (x)A(x)

where R, is the p-adic regulator. This conjecture is known as the Gross-Stark
conjecture. Gross proved the K = Q case and using the methods developed in
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[Wil88][Wil90], Dasgupta-Darmon-Pollack [DDP11] were able to prove the conjec-
ture for the rank one case under the additional hypothesis that Leopoldt’s con-
jecture holds. The assumption on Leopoldt’s conjecture was removed by Ventullo
in [Venl5][Venl4] and the Gross-Stark conjecture was proved in full generality by
Dasgupta-Kakde-Ventullo in [DKV18]. My masters thesis is to understand the proof
of the Gross-Stark conjecture in the two seminal papers.

The chapter [1| introduces us to the general Stark conjectures as contained in
[Tat84]. We first translate and fill gaps in the chapters presented in Tate’s book and
then introduce the p-adic versions of Stark’s conjectures as presented by Gross in
[Gro81].

The cohomological interpretation of the Gross-Stark conjecture is contained in
chapter 2 In the rank one case the cohomological point of view reduces the con-
jecture to finding a cohomology class of the appropriate type. But, the question
remains very tricky in the general rank case as is explained towards the end of
this chapter. We mostly follow |[DDP11] for this section and also use [DKV18] for
notation and few results on the orthogonality of units.

The construction of the cusp form is dealt with in chapter 3. Firstly, we create
a nice potential semi-cusp form and then act on it with some nice enough Hecke
operators that transform it into a true cusp-form. Here, we also deal with the
subtleties of constructing such semi-cusp form in the general rank case, where we
do not have a very explicit description of the semi-cusp form as the rank one case.
The construction relies crucially on some geometric inputs that is done in [Venl4],
[Venl15| but is beyond the scope of this thesis. We will take Ventullo’s findings at
faith and proceed.

In chapter [4] the p-adic interpolation of the cusp forms constructed in chapter
is performed.

The technical heart of the paper is chapter 5] containing crucial computations that
allow us to obtain the essential Hida Algebra homomorphisms which will later be
used to construct the cohomology class needed to compute the Gross-Stark regulator.

The construction of the cohomology class using the methods initiated in Wiles
papers |Wil86][Wil88][Wil90] (which are in turn inspired by [Rib90]) is executed
in chapter [f] We will also see the interplay between the local and global bases
which play an important role in determining the shape of the representation. This
gives an explicit description of the cohomology class which allows us to compute the
Gross-Stark regulator in the later chapter.

The final chapter [7]is where we assimilate all the information from the previous
chapters and actually compute the Gross-Stark regulator using the cohomology class
constructed in the previous chapter.
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We try to stay as original as possible and only try to exposit the work done
in [DDP11], [DKV18], [Venl5|,[Venl4]. We have skipped proofs where we felt the
details are sufficient (or in places where we thought it would be a tragedy to rewrite

things that has already been written beautifully and probably more clearly than we
could).



Notation

Let k be a global field, i.e. a finite extension of Q or Fy(t). The places or
equivalence classes of absolute values of k is denoted by v,v',.... If Q C k, we use
P, q, ... to denote the finite places of k to distinguish it from other ideals of the ring
of integers of k (denoted by other fractal letters). Given a finite extension K/k, by
w,w’,... we denote the places of K that extend v,v’,.... We use capital gothic
letters 3, Q to denote the places of K that divide p, q.

The complete local fields are denoted by k., K.y, ky, Ky; the ring of integers by
Oy, Oy, Op, Og. If w is a place of K extending v, the degree of extension [K,, : k,] is
denoted by [w: v].

If S is a finite set of places of k containing all the Archimedean places of k, we

can define the ring of S-integers

Os:={xck:xc0,VpegSst=[)0,
peS

to be the Dedekind domain obtained by inverting all the primes of k contained
in S.

We simply write ||, [lw, llp, [lggy - - - for the normalised absolute values attached to
the places indicated in the subscript. If x € k*, we have u(xU) = |x|,u(U) for
all compact sets U in the interior of k, and all choices of Haar measure p on the
additive group k,. More explicitly, the absolute values are

usual absolute value ifk,~R
x|y = ¢ sqaure of usual absolute value if k, ~ C
Nv™! if k, is non-Archimedean

For x € Z;, we have the factorisation

7Y = (Z/2pZ)* x (1 + 2pZ,)

= w(x)(x)

with w and (-) defined by the decomposition above.
(-) will also be used to denote the ideal generated by -. The two usage shall be

clear from context.



CHAPTER 1

Introduction

This chapter (more specifically §§1.1-1.5) follows [Tat84, §1 , §§0-4 | closely.
I have provided proof of statements that the book chooses to leave. I claim no
originality in the presentation. This chapter(§§1.1-1.5) is mostly a translation of the
chapter in loc. cit.

1. Dirichlet’s analytic class number formula

Suppose k is a number field (finite extension of Q), and (x(s) is the Dedekind
zeta function of k, defined for Re(s) > 1 by the Euler product

) e =TT (1)

p

where the product is over all the prime ideals of k. A famous theorem of Dedekind
[Theorem 40 Marl8, p. 123], a generalisation of a theorem of Dirichlet, states that

THEOREM 1. (i(s) has a simple pole at s =1, and the residue at s =1 is
2" (27)"2 hR
Vvidl e

where 11 (resp. 13) is the number of real (resp. complex) embeddings of K, d the

(2)

discriminant of kX, h the class number of X, and e the number of roots of unity
contained in K.

The functional equation of ((s) (appendix [F]) allows us to rewrite this theorem
into a statement of the behaviour of (i (s) around the point s = 0.

Proposition 2. The Taylor expansion of ((s) around s =0 is given by

(3) Guls) = — s 4 O[5

PROOF. If Ay(s) = 220-9|dJ/2r /2" (s /2)"'T'(s)™2k(s), then by the functional
equation we have
Als) =A(1—5)

as W(x) = 1if x is trivial. Thus, using Dirichlet’s analytic class number formula at
s = 1, and the fact that I'(s) has a pole at s = 0 with residue 1, we have

hR
SCi(s) ~ —os

1
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as s goes to 0. This completes the proof. 0

The above proposition [2| gives us the first non-zero term in the Taylor series
expansion of (i(s) around s = 0. Stark’s conjecture will state a similar result but
for Artin L-functions. Before proceeding further, we will state Dirichlet’s analytic
class number formula in a slightly general setting of S-units.

Let S be a finite set of places of k containing the Archimedean places S.,. For
Re(s) > 1, we can define the generalised zeta function

() 6 =TT(1- 1)

p&s

By Cl(Oks) we will denote the ideal class group of the S-integers, and hy s will
denote the size of this class group.

Definition 3. O¢ is finitely generated abelian group and thus has a free-part and a
torsion part. By the S-unit theorem (cf. the next section) the rank of the free part
ist =S| —1. Let {w,...,u} be a set of fundamental units modulo the torsion
(O )tors- The regulator R is defined to be

(5) Rs = | det (logui})
vES\{vo}

where vy is an arbitrarily chosen Archimedean prime in S.

Remark 4. A priori, it looks like the definition depends on the choice of the
Archimedean place vy, and the choice of basis {uq,...,W.}. But, the dependence
on vy can be removed by the product formula. Let {€1,...,€.} be another set of

fundamental units. Then, one can show that

Rs({ui}) = Rs({ei}) [{(wy) = (ey)]

where the index is just the determinant of the transformation matrixz. For funda-
mental units, the determinant is 1 and thus Rs does not depend on the choice of

fundamental units.

Lemma 5. Let p be a place of k not contained in S. Let T =S U{p}. Let m be the
order of p in the ideal class group of S-integers Os. We can conclude that

(1) hg = th

(2) Rr = m(log Np)Rs

(3) Ck1(s) ~ (logNp)sCys(s) in the neighbourhood of s =0

PROOF. There is a natural map from I(Os) — I(O7) via a — aO7. This map

is surjective (look at the prime factorisation). Now, combining with the standard
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projection map I(O7) — C(O7) we have a surjective map C(Os) — C(Or). To finish
the proof of first assertion, it is enough to show the following sequence is exact:

0 > [p] » C(Os) —— C(O7) —— 0

where [p] is the class of p in the ideal class group C(Os). We have already shown
the surjection. Let us prove the injectivity of the map [p] — C(Os). Let a € 1(Os)
be in the kernel of the map C(Os) — C(O7), then there exists « € k* such that
aOr = «Or. As S C T, we can conclude that v,(a) = v,(xOs) for all places q # p.
Thus, a = p®xOs with e = v,(a) —vy(x). As both sides are fractional ideals of Os

with same valuation at all places, this completes the proof of first assertion.

Let {uy,...,u,} be a set of fundamental units of Og /(Os)iors. If p™ = @ s, then
{wry...,u;, @} is a system of units for OF /(Or)iors. Indeed, if u € OF, then after
scaling with appropriate power of @ we can assume that 0 <v,(u) < m—1. Then,
uOs = p»™ as the valuations of both sides is equal for all places. But the order
of [p] in C(Os) is m and so v,(u) = 0 or equivalently, u € 0. Back to the second
assertion. Note that vq(@) = 0 for all q # p and so the matrix My corresponding
to the regulator Ry has the form

MS ‘ *
0 ‘logIGJIp

Hence, Rt = Rslog|@|, = Rs - m - log Np.

The third assertion follows from the observation
Cer(s) = (1 —=Np™) G s(s)
and taking limit as s — 0. ([l

The following theorem follows immediately from the above lemma.

THEOREM 6. In the neighbourhood of s =0, we have

hsR
Gsls) ~ =57

2. Artin L-functions
Suppose K is now a finite Galois extension of k, with Galois group G. One has
x:G—=C

a character of a representation G — GL(V) with V a finite dimensional vector space
over C.

Fix a finite set of places of k, S, then one can simply write



2. ARTIN L-FUNCTIONS 4

Ls(s,x) = ] [ det(1 — opNp™ | V)
pées
for the Artin L-function (relative to S) attached to x. Here ¥ denotes an arbitrary

place of K lying above p, and oy € Gg/ly is the Frobenius automorphism of the
extension of the residue fields 3/p. The function L(s,x) does not depend on the
choice of the prime B as all the Frobenius elements are conjugate to each other and
determinant is invariant under change of basis.

In a neighbourhood of s = 0 w must have

Ls(s,%) = c(x)s™ + O(s")

We are interested in finding c(x) but first we will determine the multiplicity r(x).
Let Sk be the finite set of places of K lying above the places in S, the finite set of
places of k; and Y the free abelian group with basis Sk. Let

Xz{ZnWweY:ZnW:O}

weSk weSk
The Galois group G acts naturally by permutation of the places w dividing v for
each v € S. Thus we obtain a G-module structure on Y and on X. We have an exact
sequence of G-modules :

0

=
<
N
[

> naw —— > n,

Definition 7 (Notation). For a Z-module B and a subring A of C, by AB we mean
the tensor product A ®z B. Let xx be the character of the representation CX of G,
and similarly xy of CY.

Remark 8. Note that xx =xy — 1.

Evidently, xy = @Indgwlgw, where for each v € S, w is a place of K dividing

ves
v chosen arbitrarily. In particular, Xy and Xx take their values in Z.

Proposition 9. Ifx is a character of a C[G]-module V (finite dimensional C vector
space), then

(6) r(x) = (Z dim VGW> —dim V€ = (x,Xx)¢ = dime Homg(V*, CX)

vES

where V* 1s the dual of V.
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PrOOF. We have a canonical homomorphism Homg¢(V*,CX) ~ V* ®¢ CX ~
V®cCX. Thus, Homg(V*, CX) ~ (V®cCX)C. Using the othogonality of characters
one has dimc Homg (V*,CX) = (xxx,1)c = (X, Xx)c.- Moreover, xx = Xx (xx only
takes integer values) and thus we have the last equality.

The second equality follows from Frobenius reciprocity in the following way:

X6 = 06xv)e — (6 e
= (Indg 1c,)e — (X e

ves

=Y (Xlew lay )6, — dime V©
veS

— Z dime V& — dimge V©
ves

It remains to show the first equality. By Brauer-Nesbitt theorem,
X =) nyhdjb
P

where P are 1 dimensional characters of subgroups H of G. Again, by Frobenius

reciprocity

06 xx)06 =) (X, W)u
Next, by properties of L-functions
) = Y nyr($)

Comparing the two relations tell us that it is sufficient to study just the 1T dimen-
sional characters .

If X = 1g, then Ls(s,x) = {ks(s) and so using theorem [6] gives us

Tx) =#S—1= (Z dimVGW> — dim V€

veES

If x is a 1-dimensional character but not the trivial character, then V¢ = {0}. This
handles one summand. The other summand is a bit tricky. Recall the functional
equation of Ls(s,x)

(7) AT —=s,x) = W(x)A(s, X)

s+ 1

®) Als,x) = Ta(s) T ( ) "L, x)Te(s)”
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and
9) a; = Z dim V& a, = Z codimV&
v real v real
It is a well known fact that L(s,x) does not vanish at s = 1 and W(x) is a non-
vanishing holomorphic function. So, if we compare order of vanishing on both sides
of the functional equation, we get
—a;—T 41, =015, =a;+1 = ZdimVGW
v]oo

where the last equality comes from the fact that dim¢ V = 1 and r; is the number
of complex embeddings of k in Q. As

Lo, ) = [T (0 =x(p)Ng™) Ls. (5,%)

PES\Seo
x(Ip)=1

As G, is generated by I, and a Frobenius o, the order of vanishing of Lg(s,x) is

exactly
rs(X) = #{p € S\Seo 1 X(Gp) =1} + 75
= ) dimV® 4rg
PES\Seo
= Z dim V©*
pes
This completes the proof. 0

We will record the observation made in the proof as it is very crucial for our

purposes.

THEOREM 10. Ifx is a 1-dimensional character of G, then

#S—1 ifx =1¢

Ts(x) = _
#{veS:x(G,) =1} otherwise

3. Stark’s regulator

We will now introduce the type of regulator attached to x which will figure in
the principal conjecture of Stark. Denote by

U={xeK*:|x,, =1Vw¢ S}
the group of Sg-units of K, and consider the logarithmic embedding

AU — RX
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u— Z log [ul,,w
weSk

where X is as defined in §1.2. This is used in the proof of the theorem of S-units
([We195, IV—4, Theorem 9]). The kernel is the group p(K) of roots of unity contained
in K, and the image is a lattice in RX. We shall record this as a theorem as it will
be cited often.

THEOREM 11. [Dirichlet S-unit theorem| The kernel of A is the group of roots of
unity W(K) contained in K, and the image is a full lattice in RX with rank #S — 1.
Hence, the group U/u(K) is a free abelian group on the #S — 1 generators and
1®A:RU — RX is an isomorphism.

On tensoring with C, A induces isomorphism (again called A):

CUu — CX

compatible with the natural action of G on U and X.

This implies that the two representations of G QU and QX are isomorphic over
Q (Recall that we showed the invariance of this isomorphy of finite group repre-
sentations by extension of scalars (in characteristic zero) either by passing to the
associated characters [Ser77, §12.1] , the note after prop. 33 or by characterising an

isomorphism as a homomorphism with non-zero determinant-refer to [CEF 10| p. 110]).

Therefore,
(10) f: QX — QU
is an isomorphism of QG-module, and note again
f: CX = CU

its complexification.

The automorphism A o f of CX induces an automorphism (functorial)

Homg (V*, CX) — Ny Homg(V*,CX)

@ » Aofoq

Recall that V* is the dual of the vector space V and following Theorem 10, the
dimension of Homg(V*, CX) is exactly r(x).
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Definition 12. The Stark regulator attached to f is defined as:
(11) R(x, f) = det((Aof)y)

It is evident that R(x, f) does not depend on the choice of the vector space V of
X. The choice of f, on the contrary, is not negligible.

4. Stark’s principal conjecture

In the notations in the previous two paragraphs, the statement of the conjecture

is as follows:

Conjecture 13. Let A(x,f) = R(x,f)/c(x) € C € C. Then, for all automorphisms
o of C, one has the relation

Alx, )" = A(x* f)

where x* = xox: G — C.

We can decompose our statement in the following manner :

(1) A(x,f) belongs to Q(x)
(2) For all 0 € Gal(Q(x)/Q), A(x,)° = A(x°f)

Here, Q(x) is the field of values of x. It is a cyclotomic extension, and thus Galois

extension of Q. ( [Ser77, §2.1]).

It seems appropriate to reformulate the conjecture starting from the situation
relative to an E (coefficient field) which allows embeddings in C. It is, in fact
sufficient to consider only number fields (finite extension of Q).

Suppose E is a field of characteristic 0 and x : G — E a character of the rep-
resentation G — GLg(V), where V is a vector space of finite dimension over E.
(Recall that G is the Galois group of the extension K/k). Instead of assuming f is
rational (as in in the previous section), let us take any G-homomorphism f : X — EU.

For all « € Homg(E,C), one can deduce from x and V a complex character
X* = xox of G and its complexification V* = V ®¢ « C, to which 2.3 applies. In
particular for each o, we can associate a L-function L(s,x*). Moreover, f*: C — CU
is defined by C-linearity from (xo 1) o f: X — CU, and induces the endomorphism
(Ao f*)ya of Homg(V**,CX). Denote by R(x*, f%) its determinant (it is independent

of the vector space V over E associated to X).

In this context, we are then led to the
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Conjecture 14. There exists an element A(x,f) of E such that, for all x : E — C,

we have

(12) R(X% %) = Alx, )% - c(x%)

Remark: The complex conjugation being continuous, it is easy to see that
Alx, ) = Ax, f).

4.1. Changing the isomorphism f.
Proposition 15. The conjecture implies conjecture [1]].

It is clear that one can always, in conjecture |14}, one can reduce to the case E = C
and fix an arbitrary embedding o : E — C. It is sufficient to show the independence
of choice of f in this case to show that conjecture [13|implies conjecture (14| :

Lemma 16. If the statement in conjecture with B = C, s true for a particular
choice of isomorphism £y : CX — CU, it is also true for all f: X — CU.

PRrROOF. For each C[G]-endomorphism 0 of CX, write d(x,0) for the determi-
nant of the endomorphism 0y of Homg(V*,C) induced by 0. In fact, & is clearly
independent of the choice of V associated to x. One has:

The determinants & obeys the following results:

(1) d(x +x,8) =8(x,0) +3(x’,0)

(2) 8(Indx,0) = 8(x,6)

(3) 8(Inflx, 0) = 8(X, OlcxH)

(4) 8 x,99 = 5(x,6)5(x,6")

(5) 8 = 0(x%,0%) for all @« € Aut(C)
Here, item [I] is trivial, item [2] follows from the fact that for all representation W
of the subgroup H of G and for all C[G]-module Z, there is a natural isomorphism
Homg (Ind§ W) ~ Homy (W, Z), where, in the term on the right, Z is considered a
H-module. item [3] refers to the following situation:

Suppose k C K’ C K with K’/k Galois. Denote by H, the group Gal(K/K’) and

X’ the abelian group relative to K’.  We then embed X’ in X by w' = }_
wlw = >, Wl where [w : w'] is the degree of the local extension K,,/K/,, and

w’lw[w :

Wy is an arbitrary place of K lying above w. It is this normalisation that makes the

following diagram commutative :

u—2 - RX

[

u’ —— RX’
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where the maps A,A’" is as defined in §1.3. We then find that X’ = NyX where
Nu = Y i h € Z[G], but not, in general X" = X". Nevertheless, NyX has finite
index in X", and thus we have EX’ = EX" for a field E of characteristic 0.

That being said, item [3] is evident, the formula item [4] is trivial, as for item [5]
let «: C — C be be an embedding and write 0* =1 ®, 0: C ®, CX — C ®, CX.
X% is viewed as C ®, V by the usual identification

(13) HOHl(C@ng[G] ((C O V*> C ®« CX) =C®q HOHI(C[G} (V*) CX)

The endomorphism (0%)y becomes 1 ®, 0y, and the determinant is (det 8v)%.

The statement of the lemma now follows from item [B and the obvious relation:

where 0 = f,'f. O

Example 17. Following the discussion earlier in this section, the conjectures in
section 5 are still equivalent to the statement in Conj. 14 applied to the case E = C
with the isomorphism f = A", This gives R(x,A™') = 8(x,1) = 1, and one obtains

this intrinsic but essentially transcendent formulation of the conjecture due to Stark:

For each o« € Aut(C), we conjecture that

c(x*) = 5(Xx*AoA ")
c(x)™

5. Reduction to the abelian case and independence of S

We draw immediately from the previous section the following formulae concern-
ing the numbers A(x, f) introduced in §1.4 (or, more generally, in conjecture ,
suppose E C C):

(1) Alx +x,f) = A ) - AKX/, f)
(2) A(Indx, f) = A(x, f)
(3) A(InﬂX> f) = A(X) fl(CXH)

This formalism allows one to reduce Stark’s conjecture, on the one hand to the
case k = Q (by passing to the Galois closure of K and induction), on the other hand
to the case when characters are of dimension 1 (due to the theorem of Brauer, refer
to Appendix F.)

Proposition 18. We have

(1) If the conjecture is true for all finite Galois extensions K/Q, then it is also

true in general.
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(2) If the conjecture is true for all irreducible characters of dimension 1 of all

Galois extensions K/K, then it is also true in general.

This being said, let us pass to the independence of the conjectures on the choice
of S:
The set S fixed in section appears in the conjectures of section through an interme-
diary such as the L-function as well as the definition of the regulator. In fact, one
has the

Proposition 19. The truth of the conjecture 14| is independent of the choice of the
set S.

Proor. We work with the version in . Suppose S is the initial set and let
S’ = SU{p}, where p is a place of k not appearing in S. Denote by U’, X', f’ etc. the
data in section with S replaced with S’, as well as ¢’(x),'(x) the initial coefficient
and the multiplicity of Ls/(s,x) at s = O respectively. Finally, let A’(x,f’) be the
resultant number as seen in section. We also assume that f' CX = f. Let
Bix) = ST
(X, )

We have to show that
Claim: B(x)* = B(x%) for all @ € Aut(C).

As in , and the formulae in , we note that it is sufficient to solve for x(1) = 1.
This leads us to distinguish the two cases below. Let 33 be a place of K lying above
p and Gy C G its decomposition group.

Case-1: x is not trivial on Gy

Then we have (as dim¢ V = dim¢ V*), we have r(x) = v’'(x); Homg(V*,CX) =
Homg(V*,CX’) and R(x, f) = R'(x, f').

On the other hand, if x is also not trivial on the inertia group Ly of B, we find
that Ls(s,x) = Ls/(s,x), and so B(x) = 1 = B(x*), which implies the claim. Sup-
pose to the contrary, x(Iy) =1, then ¢’(x) = (1 —x(op))c(x) and, as a consequence
B(x) = (1 —x(og))™", so that the claim is trivially true.

Case-2: x(Gg) = 1.

Due to property item |3| mentioned at the start of this section, it is enough to
assume Gy = 1, which is to say that p splits completely in the extension K/k. In
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this case, Ls/(s,x) = (1 — Np~*)"Ls(s,x), so ¢’(x) = c(x)logNp. On the other
hand, 1’(x) = r(x) + 1, and more precisely, if B" = Ok, for 7 € K:

QU ~QUa Q[G] =
QX" ~QX® Q[G]- (P — ;Newo)

where Wy is an arbitrary Archimedean place of K, g = #Sand Ng = ) - 0 € Q[G].

In suitable bases, we obtain matrices for A’ and ' :

n_ (MQR) * ey — M)
NM)_<0 1%w%k>wm)_<o 1J

As V is of dimension 1, it is easily deduced that the matrix corresponding to the
endomorphism (A" o ')y, of Homg(V*,CX’) can be put in the form :

Mo (M)
0 log |7T|q3

where det M((A o f)y) = R(x, f).
Finally, one finds that B(x) = log|mly/log Np, a rational number which does not
depend on x. This concludes the proof of the proposition. O

6. Statement of Gross-Stark Conjecture

This section follows |Gro81|[Venl14]

6.1. Gross’s p-adic regulator. Recall that the definition of Stark regulator
crucially depends on the logarithmic map A defined in previous section. We also aim
to find such a map. First, we shall build the the theory of p-adic absolute values.

Definition 20. For each place P of K, we can define the local absolute value ||y, :
Ky — Z; by

Xl = sign(x) if Kp ~ R
R R
() w0 if Bty
(NR) ™™ Ny, 0, B
Remark 21. (1) It can be shown that the product formula holds for the local

absolute values as well. More precisely,

[ [y =1V x €K
B
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(2) The local absolute values are not exactly the same as the usual absolute
values. For example, if x is a totally positive unit, then |xlp, = 1 for all
places B but usually if [xly = 1 for all places °B, then x must be a root of
unaty.

The second property is a useful property to have. So, we focus our attention to

the subgroup
(K*) " i={x e K" : [x|gp =TV P | oo}
On this subgroup, we have the property that x s a root of unity contained in K if
and only if [xlg =1 for all finite places P of K. [Gro81, Prop. 1.11]
The above definition can be interpretated in the following manner as well. If T € G

18 the complex conjugation, then

(K*)” ={x e K*:1(x) = —x}

Next, fix the finite set S of places of K containing all the infinite places and the
places dividing p. Let Ugsx be the set of S-units of K and let Ugy = Usx N (K*)*.
Let Ysx be the free abelian group on the set S and let Xsx be the subgroup of
elements of degree 0 as in the previous section. Motivated from the logarithmic

map A : U — RY, we define our local logarithmic map
7\p : uS,K — @pYS,K

X Z log,, [xlsp pB
PUSD
Due the product formula item(I} the image of A, lies in Q,Xs k. We are interested
in knowing whether the induced map A, : QyUgy — QpXsk Is injective or not.
The measure of how far the map is from being injective is quantified through the

regulator. First, define
op: U — X7
X = Z fc‘me(X)m

Pfoo
Tensoring by Qp, over Z gives the induced map

0p: QU™ — QX

The map o, is an isomorphism (just construct the inverse using the finiteness of the

class number of K).

Definition 22. We can define the Gross p-adic requlator via
Rpks = det(A, 0 0, '1QpX7)
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6.2. Statement of the Gross-Stark conjecture. Let k be a totally real
number field and k its algebraic closure. Let E be a field of characteristic 0 and
V the finite dimensional vector space over E with an action of Gy. Consider the
representation

that factors through the Galois group of a finite extension K/k. Such a representa-
tion is said to be totally odd if every complex multiplication acts as —1y.

Fix a prime number p, and fix embeddings Q — C and Q — C,. This allows us
to view x as taking values in C or C,,. Let S be a finite set of places of k containing all
the infinite places of k. To the representation V, we have the S-depleted L-function

(14) Ls(s, p) = [ [ det (1 — o, Np V%)
pEs
Let S also contain all the divisors of p. Let

w : G(k(pap)/k) = (Z/2pZ)* — Z

be the Teichmuller character. If o« : E — C, is an embedding, then V* denotes
the complex representation obtained by change of base. We have the following

interpolation formula:
Lps(@w'™®@ V¥ n) = as(V,n)*
where as(V,n) is obtained via the relation
Ls(VP,n) = as(V,n)P
with 3 : E — C an embedding.

The p-adic L function L,(w ® V%, s) is non-zero if and only if V is totally odd.
Next, the Taylor expansion of Ls(V#,s) and L, s(w ® V¥ s) at s = 0 gives

o Ls(VP s) ~L(VP)sTV")
o L,s(w®V*s)~L,(V¥)s»V
Definition 23. Define the regulators
e R(VP) =det (T@Ao (VP @ CX)E)
o R, (V%) = det (1 ® Ap 0 o;1|(V°‘ ® CX_)G)
It can be shown that there is an algebraic number A (V) € E* such that for all
embeddings B : E — C both r(VP) = r(V) and L(VP) = R(VP)A(V)E.

Conjecture 24. For all embeddings o : E — C,, we have
(1) (V) =71(V)
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(2) Ly(VY) = Rp(VHA(V)®
This conjecture can be reformulated as

Conjecture 25 (Gross-Stark conjecture). We have

(1) Ords:OLS,p(wX) S) - T(X)

he 1
2) lim Ls o (wx,s)/s"™ = | (=1)® £l = 1—
(2) lim Ls p(wx, s)/ (=)™ T he (KO | B
pes pes
x(p)=1 x(p)#1

15



CHAPTER 2

Cohomological interpretation of the conjecture

The notation from this chapter onwards follows [DDP11]. So, instead of K/k we
deal with H/F defined below. We will further assume dimV = 1.
Let F be a totally real field, and

x:Gri— Q"

be a totally odd character of the absolute Galois group of F. Let H be the cyclic
extension of F cut out by Ker(x) (H is a CM extension as well; just look at the fixed
field of the complex conjugation). X can be seen as operating on the ideals of F via
X(p) = x(Frob(p, H/F)) = 0 if p is ramified in H/F and x(p) = x(Frob(p, H/F)) if p
is unramified in H/F.

Next, fix a prime number p, and embeddings Q — C, Q — C,. View x as
having values in C or C,. Let E be a finite extension of @, containing all values of
X.

In this section, we wish to reformulate R,(x) cohomologically.

For sake of completeness, we will restate the problem statement again.

Consider a finite set of places S of F containing all the infinite places. Then, the
S-depleted L-function is defined to be

Ls(s,x):= >  x(@Na*=]](1—x(pNp )"

ged(a,v)=1 peS
Vv peS

It is convergent for Re(s) > 1 and has a holomorphic continuation to all of s € C
for nontrivial x. Due to [DR80] we know of the existence of a continuous E-valued
function
Lsp(xw,—):Zy, = C,
the p-adic L-function characterised by the interpolation property at negative integers
ne’Z:
Lsp(xw,n) = Ls(xw™,n)

A theorem of Siegel shows that Lg(x,n) is algebraic and using the embedding
Q — C, we can view the values to be p-adic. In fact, the function Ls,(xw,s)

is meromophic on Z, and regular as long as X # w™".

16



2. COHOMOLOGICAL INTERPRETATION OF THE CONJECTURE 17

Let S, be the set of places of F above p. We can take S to be S, U So, U{v :
v ramified }. We can partition S, into

R={plp:x(p) =1} R ={plp:x(p)#1}

By the useful observation we made in theoremwe can deduce that v := r5(x) =
#R. Gross conjectured that

Conjecture 26. ord,_oLs,(xw,s) =1s(x) =7

Remark 27. If T = S\R, then

LS(X)S) = (H] _Np_s> LT(X)S)

perR

Hence, Ls(x,s) = 0 at s = 0 with order vs(x). By the interpolation property, the
order of vanishing of Lsp(xw,s) at s =0 is atleast 7.

The proof of this conjecture has been given in multiple papers, and is not the
object of our thesis. What is interesting to us is the fact that Gross formulated a
p-adic analog of Stark’s conjecture as stated in conjecture that gives an exact
formula for the leading term of L, s(xw, s) at s = 0. We will reconstruct the formula
for our convenience.

Let X be the free abelian group generated by the primes in S, and U = Oy[1/p]*
be the group of p-units of H. X and U are naturally G-modules for the group
G = Gal(H/F). We will consider the subspaces

U ={uel:clu)=u'}, X =xeX:cx)=—x}

where ¢ is complex conjugation.

Consider the two continuous homomorphisms for a prime B in Oy lying above

ordg = oy :Hy — Z,
Ing OI\I}-[m/(@p qu = Em H% — Zp

These homomorphisms induce two homomorphisms on the minus subspaces we had
defined earlier:

o, U™ — X~
u— (Om(u))mesp
LU =X ®Z,

u = (bp(w))ypes,
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The map o, induces a Q[G]-module isomorphism
UeoQ —X Q
as we have seen earlier. If E is a finite extension of Q, that contains the values of
the character X, we can define the x~' components of the minus subspaces U~ and
X",
Let
1
U :=UXE)* =ucU®E:cu=x"(oc)uV o< G}
Xy = (X" ® E)X71 ={xeX®E:ou=x"(0)u¥ o e G}

The Galois equivariant form of Dirichlet’s S-unit theorem tells us that U, is a finite
dimensional E-vector space such that

(15) dimg Uy, =715(x) =71
The following conjecture is what we call the Gross-Stark conjecture:

Conjecture 28 (Gross-Stark). We have the equality

L s(xw, O H
=%
r'L (x,0 oy
If we define the invariant
L (xw,0) 1

£ = 000 0) Thow (1 —x(P))

Then, the main result we want to prove is

THEOREM 29. We have Lag = R,

1. Rank-1 specific formulation

Definition 30. Following Greenberg, the L-invariant attached to x is defined via
the ratio

b (1)

o (uy)
Remark 31. o The L-invariant does not depend on the choice of the vector

w,. Indeed, if u, is another non-zero vector, then due to the 1-dimensionality

of Uy as a E-vector space we have u; = ru, with ™ € £X. Thus, both the
numerator and denominator have the extra factor T which cancels out.

o The L-invariant is also independent of the choice of the prime B above p.
Indeed, if B’ were another prime, then using transitivity of G on P | p
we have P’ = 0B for some 0 € G. Consequently, 0gpp) = ogp(0 1) =
ogp(x(o)uy) = x(o)ogp(uy), and lep(uy) = x(0)lp(w,) as well. Hence, the

ratio is unaffected by the choice.
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We are now ready to state Gross’s conjecture for our purposes.

Conjecture 32 (Gross). Let F be a totally real field, H a totally complex extension
of F, and x : Gal(H/K) — C* a character of conductor n. If S = RU{p} and
r5(x) =1, then one can show that

Lé,p (xw, 0) = L{x)Lr(x,0)
To state the main theorem of DDP, we need to introduce some notation.

Definition 33.

o _LS,p(wa 1— S)
ﬁan(X) S) L LR(X) O)
Lg,(xw,0)
an = : =L, 1
Lan(x) Le0c.0) Lon(x, 1)

This definition allows to rephrase the conjecture to asking whether Lq,(x) =
L(x). The main theorem of DDP says that

THEOREM 34. Assuming that Leopoldt’s conjecture holds for F, and the assump-

tions
(1) If [Spl > 1, then the conjecture is true for all X.
(2) If ISpl =1 and furthermore
(16> ordy—1(Lan(X, k) + Lan (Xﬁl yK)) = ordy Ean(xi1 , k)

Then, the conjecture holds for both x and x~'.

2. Cohomological interpretation
We define the cyclotomic character
Ecye - GF — Z;;

By E(x) we will denote the vector space E on which Gg acts via the continuous
action

o-x=x(0)x
Similarly, E(1) is equipped by the continuous action of the cyclotomic character.
Thus, E(x)(1) has a continuous action of Xécyc, and E(x™') the action via x~'.

3. Local Cohomology groups

Let v be a place of F, G, ~ G, I, C G, be choice of decomposition group and
inertia group at v.
Let pg = (m) be the maximal ideal of Og. Tate’s local duality gives a perfect
pairing
(Do HY (Foy O/ (x 1)) x HY (R, O/ (x) (1)) = Og /"



3. LOCAL COHOMOLOGY GROUPS 20

Taking limit n — oo and then tensoring with E leads to the perfect pairing

(17) (, v H'(Fu E(x ) x HI(F, E(x) (1)) — E

Definition 35. If M is a Gg-module, then the inflation-restriction sequence gives
0 —— H'(G,/L,,M™) = H'(F,,M) — H'(L,, M)&/"

The unramified classes classes are exactly the classes of H'(F,, M) that lie in the
kernel of resy,.
If x(G,) # 1, then G, /1, is a pro-cyclic group. Hence,

H1 (GV/IV) OE/T[n(Xi] )IV) = ﬁi] (Gv/lva OE/T[n(Xi] )IV)
= O/ (x ™)/ (x Tv) = 1)

Thus, the quotient has bounded size independent of n. Or equivalently, if we
take limit over n, then the limit has torsion. Consequently, tensoring with E tells
us that H'(G,/I,, E(x ")) = 0 and hence there are no unramified classes.

Assume X (G,) = 1. Then,

(1) H'(F,, E(x ")) = H'(F,, E) = Hom,(G,, E) contains an unramified class
Kunr : Gal(F;™/F,) — Og, Frob, — 1

(2) If v | p, then we have a ramified class, namely the restriction of the logarithm
of the cyclotomic character to G,. In particular, we are concerned with

Keye = log, (cye) € H'(F E)
(3) Kummer theory gives a connecting homomorphism (which is an isomophism )
Sy : F ® Z/p"Z — H'(F,, Z/p"Z(1))
If we let F QF = ann Ff®Z/p"Z) ®z, E, then the connecting homomor-

phism of Kummer theory becomes the isomorphism

5y : FX®FE — H'(F,,E(1))

(4) We can calculate the pairing. Let u € FX®E, note that
o (Kunry Su())y = —Kune (1, Fy[F)) = —kune (1, FE™MIR)) = —o0, (W)
e This uses some calculation as can be found in [AT90][Neul3][NSWOS§]
(Keyes 8 (W))y = —(log, oecye) (1, Fy[F))
= —(log, oecye) (Nr, g, (W), Fo|Qy)
= —log, (N, /g, (u™))
= —{,(u)
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The above observation helps us view 9, (F* ®E) as the orthogonal comple-
ment to Kyn, under the local Tate duality.

[DDP11}, see Lemma 1.3] also calculate the dimensions of the two spaces H'(F,,, E(x)(1))
and H'(F,, E(x7")). In fact, the dimensions of both the spaces are same, given by

(F:Q)  x(G)#T,vIp
[Fo: Q] +1 x(Gy)=T1,v|p

1 X(Gy, =1),v{poo
\O otherwise

4. Global Cohomology groups
Recall the definition of unramified class

Hin (Fi E(x ™)) = H(Gy /L, E(x ™)

unr

The orthogonal complement of the space H! _(F,, E(x~")) under the local Tate du-

unr

ality is denoted by
Hinr (Fy, E(x) (1)) == {u € H'(F,, E(x)(1)) : (k,u), =0V « € H,,,(F,, E(x 1))}
Under the observation

E- Kunr X(GV) =1

0 otherwise

Hine (Fy EX)) =

unr

we have
OC(@E X(Gv) =1

Hinr (Fi EX)(1)) =
unr (Foy EOA (1)) H'(F,, E(x)(1)) otherwise

Definition 36. By Hy(F, E(x™")) we denote the subgroup of H'(F, E(x ")) consisting
of classes unramified outside of R and arbitrary at R.

The corresponding orthogonal complements under the local Tate duality is de-

noted by Hy(F, E(x)(1)) € H'(FE(x)(1)).
Proposition 37. The map
8 : Uy — He(FE(X)(1))

induced by Kummer theory is an isomorphism. In particular, as a E-vector space,
HE(F,E(x)(1)) has dimension .

Proor. Consider a group G, with subgroup H. The five term inflation restric-
tion exact sequence has the following (truncated) form:

0 —— H'(G/H,A") 215 H'(G,A) —= H'(H,A)¢ —— H?(G/H, AH)
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If we set G = Gal(H/F), Gy = Gal(F/H) and use the fact that Gal(F/H) =

Gal(H/H) as H = F, we get the following sequence:

0 —— H'(G,E(x)(1)") —= H'(FE(x)(1)) —== H'(H,E(x)(1))¢ —— H(G,E(x)(1)%")
The restriction map

(18) res : H'(F E(x) (1)) — H'(H, E(x)(1))°

is an isomorphism. Indeed, as ecyc(Gn) # 1, E(x)(1)" C E(1)%* = 0 and hence
E(x)(1) = 0. Therefore, the groups H'(G, E(x)(1)%") and H?(G, E(x)(1)6") are
trivial, establishing the isomorphism.

Next, we claim that H'(F, E(x)(1))¢ = H'(F, E(1))*'. Indeed, suppose [0] is a
cohomology class in H'(F, E(x)(1))€, then the classes [g- o] and [o] are the same for
any g € G. But,

g-0(x) =g-0(gxg') =x(g)ecyc(g)a(gxg™)

for all g € G,x € H. Then, the classes [x ' 0] and [x — ecyc(g)o(gxg™")] are the
same. We therefore have

H(F,E(x) (1)) ~ H'(H, E(x)(1)¢ = H'(H, E(1))¥ " ~ (HX@E)XA

where the last isomorphism is due to Kummer theory as shown in the previous
section (replace F, with H). Locally, we have the isomorphism:

—~ —1
HI(F, EDO (1)) = (HIBE)*
Next, consider the diagram:

—1

s (H*GE)

|

[TH (Fu EM ) ——— ] H (Ho B ——— T (HBE)
vgR W¢RH WEZRH

H'(F,E(1)(x)) » H'(H, E(1))X

1

Recall that H!

unr

R b
der the local Tate pairing. Such an element of H'(F,, E(1)(x)) = (H@@E)X has to
be an unit at v by our calculations on the Tate pairing. Therefore, U, is precisely
the pre-image of HE(F, E(x)(1)). O

(Fy, E(x)(1)) is the orthogonal complement of H! _(F,, E(x™")) un-

unr

If W, is a subspace of H'(F,, E(x™")), define

Hy, o (RE(X ) C HY(FEKXT))
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to be the subspace consisting of classes whose image under the map resy, lies in W,
The dimension of this new subspace is also of interest to us. The following theorem
addresses this question.

Proposition 38. Suppose W = (W, )yer is a family of subspaces, W, C H'(F,, E)
is a subspace containing the unramified cocycle Kynry. If we define HWR(F,E(X*1))

to be the subspace of Hy(F,E(x ")) consisting of classes whose image under resy, lies
in W, for each v € R. Then,

dime Hyy g (F, E(x (ZdlmE ) IR|

veR

PRroOF. The Poitou-Tate exact sequence from Galois cohomology gives the fol-
lowing exact sequence:
(19)
0 — Hig(F, O/ (x ")) = Hy(F, Oe/m(x ") — | [ H' (Fy, Oe/m™(x ")) — Hi(F, O/ (x) (1))
veR

where the first map is the inclusion as
Hig (F, Oe /7" (x ")) := {0 € Hy(F, O/ (x 1)) : resy, 0 = 0}

and, the last map is the one induced from the local Tate pairing. Consider the

inflation-restriction sequence:
0 —— H'(Gal(H/F), Og/m*(x ")) — HY(Gr, Og/m(x ")) —= H'(Gr, Og/m™(x 1))

Now, H'(Gal(H/F), O/ (x ")) = NOr/T"/Igam/mOr /7" as Gal(H/F) is a finite
cyclic group. The right hand side is finite group of size bounded independently
of m. This means the classes of HER](F, O/m(x™ ")) map to (with kernel bounded
independently of n) group homomorphisms from Gy — O /7" that are everywhere
unramified. Such maps factor through class group C1(H) of H. Hence, Hip (F,E(x "))
has bounded cardinality as n goes to infinity. Taking the limit of n — oo and
tensoring with E gives the sequence:

(20) 0 — Hy(FEX ™) = [ [H'(F, E(x™") = Hi(FEG) (1))

veR
The element Ky, is mapped to a non-zero element of Hy(F, E(x)(1))" as the Tate
pairing is non-degenerate. We want to show that the images of Ky, v are linearly
independent. This follows from the fact that (Op[l1/p]* ® E)Xq is 1-dimensional as
an E-vector space. As H}(F, E(x)(1))Y is r-dimensional by proposition [37] the last
arrow in eq. (20)) is surjective. In fact, the sequence restricts to

(21) 0= Hy(RE(x ") = | [We = Hr(FE()(1))Y

veR
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for subspaces W, C H'(F,, E) containing Kunry. Lhis concludes the proof. O

We will end this section by recording an important proposition that showcases
the major difference between the rank one and the general case.

THEOREM 39. The restriction map

T

[ [ress,, : Hi(GrEx™) = J[H' (5, E)
i=1

i=1

18 1njective.

5. L-invariant and proof strategy

We have proven that dimg U, = 7. Let u;,...,u, be an E-basis for U,. Write
R ={p1,...,p:}. For each p;, we have the continuous homomorphisms:
ordy,, = 0i: F. — Z,

logp oNFpi/Qp = Bi . F;i — Zp

For each p;, choose B; of H lying above p;. Then, using
OH[]/p] Q H Q Hqgi ~ F)Ji

we can evaluate oy, {; on elements of Og[1/p]* and extend linearly to E and obtains
maps:
oi,ﬂi : OH[1/p]X ®E—-E
Gross’s p-adic regulator can be explicitly written as the ratio:
_ det(—i(w))
Rp(X) = ————+
det(0i(y))

where (1,j) run from (1,1) to (r,7).

Remark 40. The ratio is well-defined. As the x~' component of the group of p;
units of H is 1-dimensional for each i, we can choose our w;s such that oi(u;) = 8
where 85 is the Kronecker delta. The ratio does not depend on the choice of u;s as
well. For two units differ by an unit, the & maps the two units to the same quantity
and so does the order. The ratio is also independent of the choice of Bi. Indeed,
if we replace B with 0By, then both the numerator and denominator are scaled by

x (o) rendering the ratio same as before.

Define the subspace of cyclotomic classes

Hlyc(X) - H}z(GFyE(X_]))
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to consist of those classes k whose restriction res,, k € H'(G,,, E) lies in the span
of Kunrp, and Keyep,. From proposition , it is clear that dimg Hlyc(x) =r. Let
Lie(x), and for each p; € R, let

K1y ..., Ky be an E-basis for Hg,
resy, Ki = XijKunr,p; T YijKeye,p;

Again, inspired by Greenberg, we define the algebraic invariant to be
. det(xij)
@o det(yy)
If det(ys) = 0, then we can find a basis ki, ..., K, such that

/

This means the two spaces Hlyc(x), Hl, (G, E(x ")) are equal where W = (W;)i—1 .,
is a family of subspaces such that Wi = span{Kunrp,, Keyep, s for i =1,...,7—1 and
W, = span{kynrp,} But clearly, the dimension of the two spaces are different. A

contradiction. Hence, det(yy;) must be non-zero and thus the ratio is well-defined.

Proposition 41. Let k € Hy(Gr, E(x™")) and u € U,. We can show that

T

(22) D (resy, k) (w) =0

i=1

PROOF. From the Poitou-Tate duality, the product of the images of Hy(Gr, E(x "))
and Hy(Gr, E(x)(1)) under the product of restriction maps res,, are orthogonal un-
der the local Tate duality map:

- _ - (0w
(or: [ TH'(Ge Ex ) x [ [H (G EX)(1) =5 E
i=1 i=1
Using the isomorphism § : U, ~ H} (G, E(x)(1)) we have

T

0= (k,8(w))p = ) _(resy, (k),8(w))y,

i=1

= (resy, (k) (W)
i=1
0
Corollary 42. We have
Ealg - :Rp (X)
ProoF. Let uy,...,u, be a basis of U, as an E-vector space and ki,...,k; a

basis for Hlyc(x). Using the previous proposition, we have

T

D (resy, kj)(w) =0

i=1
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for all j,k =1,...,r. As a matrix this means

X1 Xa1 o X\ for(w) or(w2) - or(uy)
X12 X2 ot X2 02(uz) oz(w) -+ o0x(uy)
Xir X2r 0 Xgr Or(ul) Or(uZ) Or(u“r)
Y Yz o Yn Ou) Glu) - G(u)
vz 2 ym Lu) Glu) - GH(u)
Yir Y2r - Y ﬂr(u” er(uZ) e er(lLr)

Hence,

det (yij) det(zi (uk))

Lalg = det(xij) - det(Oi(uk))

6. Formula for £ invariant in rank-1 and proof strategy

Definition 43. If W, is the subspace of H! (Fp, E) spanned by the classes Kyny and
Keye, define

(23) Hy e (FEXT)) == Hpw, . (FEX )

1
peyc

Thus, any non-trivial element k in this space is of the form

By the previous proposition, the space H! .. (F, E(x™")) is 1-dimensional over E.
reSIp(K) = XKynr + YKeye

for some x,y € E. y # 0 for it contradicts the dimension when W¢,. is spanned by

just Kunr. As the space is T-dimensional, the choice of k does not change the ratio

y/x.
By the reciprocity law of Global Class Field theory, we have

<K» 6(11')(» = Z<reSIvK) 6V(1‘l’)()>v

v

= (resy, K,y 8y (Uy )y
= X(Kunry Oy (Uy))p + Y(Keye, 8y (1y))y
= —x - 0p(uy) + yly (uy)

But (k, d(u,)) = 0 by definition. Hence, L£(x) = —x/y.

Conjecture 44. The above observation allows us to reduce our theorem to the fol-

lowing:
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There exists a nontrivial class K € H;J,cyc(E E(x™")) satisfying

resy, (K) = XKynr + YKeye

27



CHAPTER 3

Construction of cusp form

Main references are [DDP11][Shi78][Gar90]

1. Hilbert Modular Forms

Let F be a totally real number field of degree n = [F : Q]. The embeddings be
Tiy...,Tn. If @ € Of, then a can be seen as an element of F — R via the tuple
a=(a;:=Ta);.

Let 1 be a narrow ray class character modulo b with sign r € F}. If @ € OF is
relatively prime to b, we can define a character associated to { by

Py : (OF/6)* = Q7 o sign(e) h((x))

Fix an integer k. Let A € CI"(F) be an ideal class, choose a representative
fractional ideal t,. Let GL; (F) denote the 2 x 2 matrices with elements from F such
that the determinant is totally positive (all galois conjugates are positive). Define
the level

b
My = {(2 d) € GLy(F):a,d € Op,b € ;' ',c € btd,ad — bc € O;}

The space My (b, ) of Hilbert modular forms of level b and character 1 consists
of functions f = (fi)recr+ () With

f)\ cHY — C
such that each function f, satisfies

f?\|y = ll)f(a)f)\
for all y € I’y where the slash operator |, is defined to be

faly (2) == det(v)**(cz + d) *fr(y2)
(cz+d)*:= ﬁ(cizi + d;)"

i=1

det(y)/? = [ [ det(yo)*?
i=1

. a1z7 + by anzZn + by
Yz cizi+di’ Cenzn+d,
28
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The function f € My (b, ) must also satisfy

(24) S(m)f =P(m)fV ged(m,b) =1
It can be shown that f) has a Fourier expansion
(25) fo(z) = ax(0) + D ax(b) exp(2miTry/g(x))
bssd

Definition 45. The coefficients ay(b) are called unnormalised Fourier coefficients
of . We define the normalised Fourier coefficients c(m, ), c(0,f) to be

c(m, f) == ar(b)Nt, ) ¢(0, ) := a,(0)Nt,

where an integral ideal m = bt;] for a totally positive element b and an unique A.

Remark 46. Note that the definition does not depend on the choice of b. Indeed, any
other choice of b would differ by a totally positive unit €, and modularity condition
would imply f\(ez)Ne¥? = f)(z).

Definition 47. If for each v € GLy(F)™ and N € CI™(F), the function fl, has
constant term O, then we say f is a cusp form. The space of cusp forms of weight

k, level b and character \ is denoted by Sy(b, ).

2. Eisenstein series

A standard example of Hilbert modular forms come from Eisenstein series asso-
ciated to two narrow ray class characters.

Let a,b be two integral ideals of F, n,{ be two narrow ray class characters
modulo a, b respectively. Also, suppose the signs of 1, are g, satisfying

q+r=(kk,...,k) mod2Z"

Then it can be shown that [DDP11, Proposition 2.1][Shi78, Proposition 3.4] there
exists Ex(n,P) € My (ab,m) such that

(26) c(m, Ex(n,¥)) = > n(m/c)p(e)Ne*"

tlm
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In fact, the constant term of the Eisenstein series can be computed explicitly[DDP11},

Proposition 2.1], as seen in the following

(27)
(271 (6 Ls(om ", 1= K) k>Tla=1,
0 k>1,a#1,

e (0, Er (b)) = 2_“n_‘](tx)Ls(tlm_‘,o) k=1,a=1,b#1,
27 () Ls(mp ', 0) k=1,a#1,b=1,
27" () Ls(Wm L 0) + T () Ls(mp1,0)) k=T,a=1,b=1,
0 k=1,a,b#1

\

3. Construction of cusp form in r =1
Definition 48. Whenever L(\p, 1 —k) # 0, the normalised Eisenstein series can be
defined as

(28) Gk(1,¥) := ﬁ

Using the values of Ey(1,1) as in the last proposition, we observe that c)(Gy(1,1V),0) =

Ek(])lb)

Recall that x : Gf — Q" is a character of conductor n and x(p) = 1. Let

ng = lem n,Hq y, s =lcm n,qu

qlp,a#p qlp,a#p

1—k)

We will view x as a character xg(resp. Xs = Xw with modulus ng(resp. ns).

We will concern ourselves with the modular form
(29) Py :=E1(1,Xr) G (1, w'™*) € My(ng, xw' ™)

The modular form Gy_;(1, w'™*) makes sense as can be seen from the functional
equation of Ls(x,s).

1=%) can be written uniquely as a linear

[Wil86]Every modular form in My (ns, xw
combination of a cusp form and the Eisenstein series Ey(n,{) with the pair (n,\)

running over the set ] of characters with modulus m,;, my, respectively satisfying

(30) mymy =ns, NP =xw' ¥
More concretely,
(31) Py = (cusp form) + Y a(n, V)Ex(n, V)

mw)e]

As we are interested in constructing a cusp form, we would like to remove the

contribution from Eisenstein series in the above expression. This is achieved with
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the help of an appropriate Hecke operator as will be developed later in this section.
We are interested in the coefficients ay(x, w'*) and ax(1,xw'™*) for it turns out
that their values are ratios of the classical L-functions and p-adic L-functions. We
will record this fact in the following

Proposition 49. [DDP11, Proposition 2.6, 2.7] If k € Z>,, then

_ LR (X» O)
LS,p (X(U, 11— k)

Clk“»XwH{) = _Ean(X) k)71

Ifk € Z-, and p is the unique prime above p (ISpl =1), then

LR (X_] ) 0)

= k-1 _ » 1 _
—Ls,p(X’],w,1—k)<Nn> = —Lan(x ", k) (Nn)

ak(X) w]_k)

Proor. It follows simply by comparing coefficients on both sides of the equation
Py = (cusp form) + Z ax(n, ¥)Ex(n, )
(URBIS)]
and using the linear independence of characters of the narrow ray class group CI*(F).

O

If q is a prime ideal, we denote by Ty, U, the Hecke operators. They act on the

Eisenstein series in the following manner

T.Ec(m, %) = (n(q) + (q) (Ng)* ) Ex(n, ) q1ns
UgE(m, ) = (m(a) + 1 (q)(Ng)* ) E(n, ¥) qlns
=1(q)Ex(n, V) qfmy
= () (Ng)* "Ex(m, ¥) q|m,

Definition 50. Remember that E/Qy is a finite extension containing the values of
x. Consider the Og-submodule My (ns,xw' ™ O¢) C My(ng,xw'™*) consisting of
modular forms with the normalised Fourier coefficients lying in the ring Og. The
ordinary projector or Hida’s idempotent (Hid95] defined as
7!

(32) e = lim [Ty,

alp
is an idempotent in End(My(ns, xw' ™ Ok)). We can extend it to My (ng,xw' % E)
E-linearly using the fact that

Mk(l‘ls,xw]_k; Ok) Qo E= Mk(“s»Xw]_k;E)

It is easy to see that eEx(n,VP) = Ex(n,¥) if ged(p, my) = 1 and 0 otherwise.
This allows us to formulate
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Proposition 51. [DDP11, Proposition 2.8] If PY = ePy, then

P° = ( an ordinary cusp form) + Z ax(m, W)Ex(n, )
(n,b)e]®

where (N, ) runs through the set Jo consisting of the pairs (m, ) such that
(33> mymy, = ns, mp = leikang(pamn) =1
Lemma 52. [DDP11, Lemma 2.9]

(1) For each (m, ) € J° withm & {1,x}, we have a Hecke operator T,y such
that

T(n,lb)Ek(T])ll)) - O) T(n,lb)E1(])XS) =1

(2) If the set R = S — {p} contains a prime above p, then there is a Hecke
operator Ty, 1) satisfying

T(x,ka)Ek(X) w]_k) = O) T(x,w‘*k]El(LXS) =1

If F has prime above p other than p, then set
] . LCITI. (X) k)

Yy =—"— wi=— """ yw:=0
T Lalok) T T+ Lalo k)
If p is the unique prime in F above p, then set
Lan(x, k) 1 Lan(x' k)7 (Nn)<!
Uy i—m ———y Wy 1= — Vg =
Ck Ck Cx

where
Ck = Lan(3 k) 4 Lan (7, k)T (NR) 41

As a direct corollary to the lemma and the notations above, we have

THEOREM 53. [DDP11, Corollary 2.10] If Hy := w B (1, X )4+ v Ex (x, ' %)+
Wi P? | then the modular form

For= | ] T | He
M)
is a cusp form belonging to Sy(ns,xw'™®). The product is over J° withm # 1 if F
has primes other than p above p and the product is over Jo withm # 1,x if p is the
only prime in F above p.

4. General rank, i.e. v > 1

Please come back to this section after reading the next chapter, section 1.
Recall that we have constructed a Hida family § € M°(1,w ™) ® A(o) with the
property that vo(G) =1 and c)(0,G) = 1 for all A € CI*(F).
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We set
G == vi(9) € My(p,w ™)

For an integer k > 1, we define (Case 1: When R’ is non-empty)

_ L,(xw,T—k)
(34) Hy == Ex(1,xw'™) — E, “’XR/)Gk_]pL(xW
Here L(xgs,0) is the R’-depleted L function and hence upto multiplication by 2~
it is the value of the constant term of Eq(1,xg/).
When R’ = (), we let
(35)
_ L, (xw,1—k) o Llxw,1—k)  L(x,0)

Hy == E(1,xw' ™) —E1(1,X)Gr1 "~ +E i s '

3 k(1 xw ™) 1(1,X) G L(x,0) + B 0™ ™) L(x,0) Ly(x'w,1—k)

In eq. , as per our observations above and eq. the constant term is O.
Similarly, in eq. (35]) as well, the constant term is 0.




CHAPTER 4

Hida Families and Hecke Algebras

1. A-adic Eisenstein series

Recall that the Iwasawa algebra A ~ Ogl[[T]] is topologically generated over O
by the functions of the form k — u* with u € 1+ 2pZ,. For each k € Z, we have
a homomorphism

Vi i A= O, T u —1
called the specialisation to weight k. A will denote the localisation of A at Kervy,

and sometimes we will view vy as a homomorphism from Ay — E.

Definition 54. A family T = {c(m, F), cr(0, F), m integral ideals of F,A € C17(F)}
is a A-adic form of level n and character X if for all finitely many k > 2 there exists
f € My(ns,xw'™E) such that vi(c(m,TF)) = c(m, fi), vi(cal, F)) = ca(0, fy) is
called a A\-adic modular form.

Furthermore, if vi(F) is in Si(ns,xw'™*) for all but finitely many k > 2, then
we say F is a A-adic cusp form.

The space of A-adic modular forms (resp. cusp forms) of level n and character
X is denoted by M(n,x) (resp. S(n,X)). By extension of scalars, the elements of
M(n;x) @ Fa (resp. S(nyX) @a Fa) are also called A-adic modular forms (resp.

cusp forms).

The usual Hecke operators Ty, U, commute with specialisation. Thus, the action
of these operators on the spaces My (ns, xw' %), S (ng, xw' ™) give rise to action in
the space M(n,x) that preserves S(n,x). We also define the ordinary subspaces

MO(“)X) = GM(H,X), SO(“»X) = GS(U,X)

It is well known that the ordinary subspaces are finitely generated torsion-free A-
modules. Let

T C End(M°(n,x)), T C End(8°(n,x))
be the A algebras generated by the Hecke operators Tg, U,.
By extension of scalars, the elements of M°(n,x) @ Fa (resp. S°(n,x) @ Fa) are
also called A-adic modular forms (resp. cusp forms).

Proposition 55. [DDP11, Proposition 3.2] If N, is a pair of narrow ray class
characters modulo my, my, respectively, such that mp s totally odd. Then, there
34
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exists a A-adic modular form

& € M(mymy,mp) @ Fa

such that
Vk(g(n)ll))) - Ek(nall)w]ik)

PROOF.

c(m, Ex(m, b’ ™)) = Y n(m/c)d(v)w’*(x)Ne*

tlm

S nlm/ow(e) (N

tjm
ged (v,p)=T

Moreover, if we choose s € Z, such that (Nt) = u®. Then,
Vi((T+T)*) = (Ne)*!

Thus, the terms on the right hand side can be seen as specialisation of elements in
/A. Moreover, the Ls, (M~"pw, 1—k) can also be seen as specialisation of an element
of A. Hence, Ex(n,pw'¥) can be seen as a specialisation of an appropriate A-adic
form. This completes the proof. U

Definition 56 (Shifted weight forms). A family M’ = {c(m, F), cA(0, F), m inte-
gral ideals of F,A € CIT(F)} is a A-adic form of level n and character x if for all
finitely many k > 2 there exists fx € My_;(ng, xw' ™ E) such that vi(c(m,F)) =
c(m, fy), vi(cal, F)) = a0, fy) is called a A-adic modular form.

Proposition 57. There exists an element G € M’ @ Fa such that
Vi(9) = G (1, 0' )

Furthermore, if Leopoldt’s conjecture holds for F, then the form § € M’ ®a Ap)
and

vi(G) =1

PRrOOF. The existence of G follows by defining it via

vile(m, §) =2"G(F2—K)™ > nm/adb()(No)*, vi(er(0,9)) =1
gcd(tl:;)ﬂ

If Leopoldt’s conjecture holds, then by a result of Colmez cite Colmez, the p-adic
zeta-function C,(F,s) has a pole at s = 1 and thus (,(F,2 — k)~ is regular at s =1
and vanishes at that point. This completes the proof. O

It is crucial to observe that this is the place where we use the Leopoldt conjecture
assumption in theorem [34]to show the existence of such a §. The Leopoldt conjecture
was removed by Ventullo in his thesis [Venl4]. He showed that:
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THEOREM 58. There exists a Hida family G € M°(1,w™") @ Ay with the
property that vo(G) =1 and cA(0,G) =1 for all A € CI(F).

We set
Gk == vi(9) € My(p,w ™)

Notice that we no more have any control over what the G looks like like we earlier
did. This is going to present a serious challenge in what is to follow.

Remark 59. If you came from the previous chapter on constructing the cusp-form,
now 1is the time to go back.

2. A-adic cusp form

Very naturally, we want to know if our classical modular forms Py, Py, Hy and
the cusp form Fy can be interpolated p-adically. This is where the slightly ad-hoc
condition in the hypothesis comes in handy.

Proposition 60. [DDP11|, Proposition 3.4, Lemma 3.5] Suppose Leopoldt’s conjec-
ture holds for F, and

ordy—1 (Lan(X> k) + Lan (Xﬁl y k)) = ordy_y Ean(xi1 y k)

Then there exist A-adic forms P € M(n,x) ® Ay, P°,H € M°(n,x) ® Ay, F €
S°(n,x) ® Apy such that for all k > 2

Vi(P) = P, vi(P?) = P, vi(H) = Hy, vi(F) = Fy.
In particular, the weight 1 specialisations are
vi(P) = v1(P°) = BE1 (1, Xr), vi(H) = E:1 (1, Xs),

vi(F) =tk (1,xs) for somet € EX

PROOF. Set
P=E(1,xr)5,P° =eP
Here, the G is the one created explicitly under the assumption of Leopoldt conjecture
(NOT the one due to Ventullo).

To define Hy recall that we had the coefficients wy, v, wy. They can themselves
be viewed as specialisations of u,v,w € Fx such that u(k) = w,v(k) = v, w(k) =
wy for all but finitely many k > 2. Using the technical condition stated in the
hypothesis, we can show that u,v,w € A(;) and u is invertible in this ring. Then,

we set

H=u€(l,x) +v€(x, 1) +vP°
which belongs to M°(n,%x) ® A1) and the specialisation vy (Hy) = Hy.
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Note that the Hecke operators defined in the previous chapter can be viewed as

elements of the ordinary A-adic Hecke algebra T. If we set

Fi= 1] TmnH
M)
we obtain the desired A-adic cusp form with specialisation vy (F) = Fy. OJ

Next, we wish to interpolate the semi-cusp forms constructed in previous chapter.

Recall the two semi-cusp forms:

(36)
L,(xw,T—%k
Hk::Ek(wa]*k)—E1(1>XR/)ka1M
L(XR’>O)

(37)

~ L,(xw,1—k) L Ly(xw,1—%)  L(x',0)
Hy i= BT, xw'™) — E(1,X) Gy 0 ———— + E T |
o= Bl xe™) = B (150Gt = Bl 00! ) S e S

where the first one is when R’ # () and second one is when R’ = {).

We want to interpolate these forms to appropriate Hida families. First, note
that T (1 +T)u™" — 1 has the effect of shifting the specialisation map from k to
k — 1. More precisely, we have

Vi(G((T+Tu™" = 1)) = »(G(T))
In case 1, i.e. when R’ # (), we have the A-adic family:
L(xw)
L(XR’) O)
where £(xw) € A is the (A-adic) p-adic L-function whose specialisation is vi (£ (xw)) =

(38) 3 =¢&(,x) —E(1,x)G((1 +Thu"' —1)

L,(xw, T —k). Hence, vi(H) = Hy for all positive integers k in the neighbourhood
of 1 € Z,.
When R’ = (), we set

_ _ Lxw)
(39) H==E(1,x)—E(1,x)S((T+Thu' — ”L(X,O) +E(x, YW
where .
W= Clxw) L) € Frac(A)

L(x'w) L(x,0)
has specialisation
Lp (X(l), 1— k) L(X_] ) O)
Lp(qu) 1 - k) L(X) O)
for every k € Z,, with L,(x 'w, T —k) # 0.

Vi (W) =
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We require that W has no pole at weight 1, which happens if
Ord’]‘[W = T'(171()() — Tan(x_1) <0

where 7t is an uniformiser of the discrete valuation ring A(;). We choose 7 to be

T/ logu for computational convenience. And,

Tan = T'an(X) = Ords:O Lp (X(.U, S)

If we swap X for x~', then we end up inverting W. Hence, when W has a pole at
k =1, we can assume W has a zero at k = 1 and instead show the conjecture for
x~'. We can therefore assume that ord, W > 0 and subdivide the case R’ = () into

further two cases:
Case-2: v1(W) # 0: Here, we must prove R, (x) = Lan(X),
Case-3: v1(W) = 0: Here, we must show that R,(X) = Lan(x) =0 and R,(x') =
Lan(x™)
Now that we have our semi-cusp forms, we will just record a theorem proved in
DDP that demonstrates how to get a cusp form.

THEOREM 61. There exists a Hecke operator t in the Hecke algebra Tﬂ) such
that F =t-e-H is a cuspidal A-adic form lying in S°(M,x)()-



CHAPTER 5

Hida Algebra Homomorphism

1. 1+ € specialisation

Let Vise : Aq) — E := Elel/(€2) be the map £ — £(1) + £/(1)e.

Recall that ¢(1)(T;) = vi(c(q, TyH)) = T;Hy = TgEi(1,xs) = 1+ xs(q) for
q # p. The observation is that Hy e = Vi c(H) can also be written as sum of two
characters that lift 1,%.

Definition 62. Let;: G — E be a character unramified outside p and defined by
11’1 (Cl) =1 + v Kcyc(q)e v q 'fp

bi(g) =1 qlp
Let P, : G — E be a character unramified outside S and defined by

Pa(q) = x(q) (1 +wy Kcyc(q)e Vg J(p
Pa(g) =0 q€S

THEOREM 63. [DDP11, Proposition 3.6] The Fourier coefficients of Hi e satisfy
(1) ¢(1, Hyoe) =1
(2) clg,Hite) = Wi(q) +alq) if g #p
(3) clpyHire) =1+ wi(e)
And, Hiie is a simultaneuous eigenform for the Hecke operators T, for q € S and
U, for q € S. The eigenvalues are given by the above calculated coefficients.

This lets us define a Ay homomorphism
d)1+e :T®/\(1) _)E> T'_>V1+6(C(OF»T~[H:))
In fact, ¢y factors through the quotient T @ Aqy of T® Aqy as there is a Hecke
operator T such that TH = 3.

Proor. We shall prove this theorem in the case when p is not the only prime
in H above p (the other case is done in [DDP11, Proposition 3.6]). Let m be an
integral ideal of Of and write m = n(p) with ged(n, (p)) = 1. Note that

(40) c(m, Ere(1,%)) = D x(£)(1 + eKeye(t))

tln

(41) x(t) = xs(v) ifpfe
39
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(42) x(t) =0 ifple

Therefore,

(43)  c(mEi(1,x)) —c(m, Ei(1,xs)) = Z(X(t) —Xs(t)) = ord,(n) Zx(t)
tfm tn

Using the same arguments as in [DDP11] we can show that

C(m) H1+e) = Zﬂ)l(ﬂ/t)ll)z(t) (] —|—W1’€)Ordp(“)

tln

The result follows from this. [l

As w(k) = u(k)Lan(X, k) we have wi = w1 Lan(x). Thus, we have the following

THEOREM 64. [DDP11|, Theorem 3.7] Assuming that Leopoldt’s conjecture holds
for F, and the assumptions

(1) If [Spl > 1, then the conjecture is true for all X.
(2) If [Spl =1 and furthermore

(44) Ol"dk:] (’C an (X) k) + ’Can (Xi] ) k)) = Ol"dk:1 Lan (Xil ) k)

Then there exists a Aq)-homomorphism

d)H—e : T(U — E
such that
(45) Prie(Tg) =ila) +da(q) g ¢S
(46) Prie(Uyg) =Yi(qg) g€R
(47> ¢1+e(up) =1 +u1£an(X)€

2. General rank, case 1: R’ # ()

As seen in the previous section, in a small neighbourhood of 1, the form F

remains an eigenform. This allows us to define a A-algebra homomorphism
¢: T — E[T/T

sending t to vi(t-F).
In the general case, one attempt could have been to construct a A-algebra ho-

momorphism

T — E[T]/TH

It so turns out that the cuspidal form F no longer remains an eigenform modulo
T™1. Ventullo’s crucial insight was to simply study the orbit of this form F modulo

T+ under the Hecke action. We will see that the orbit is not one dimensional
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over A/T™ but it is finite dimensional and can be explicitly obtained. This is the
objective of this chapter and the following few sections.
Any Hida family is determined exclusively by its Fourier expansion, there is a

canonical homomorphism:

(48) c:SMmy ) — H A
aC Oy
(49) X = (c(a,X))acor

Let H be the image of F under the reduction of ¢ modulo 7!, This is finitely
generated module over A/ = E[n] /71 and hence we have a canonical
A-algebra homomorphism:

d) T — EndEh]/ﬂanﬁ H

Now, we come to the construction of the alluded Hecke algebra homomorphism.

THEOREM 65. Suppose R’ is not empty. Then, there exists a /A-algebra homo-
morphism

$:T > W, =E[mer,...,el/ (T el eimer e+ (=1) L5 (x)mn)

where (ran)
oo 60
an T'an!I—(XR’»O)
such that
T— 14+ xe(D) [{np,
U — 1 [|norleR
upi>—>]+€i R:{ph'“)pr}

Here, ¢ is the A-adic cyclotomic character that we have not yet introduced. We

will do that here. The A-adic cyclotomic character
£ GF — A*

satisfies Vi (e(0)) = (ecyc(0))*! for any k € Z, where &y is the usual cyclotomic
character. Thus, explicitly, the A-adic cyclotomic character is given by

g(0) = (1 4 T)lospeeyc(0)/logy v
2.1. Proof of theorem [65l The second term in 7 is

L(xw)

F =B xe)S(0+ T = D B2
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Suppose
(50) Lxw) = (ag+ a;T+ -+ a T+ )

As L(xw,u*" —1) = L,(xw, 1 —k) for positive integers in the neighbourhood of
1 € Zy, we have L(xw,u*—1) = L,(xw, s) for s € Z,. Now, using this information,
we can compute eq. at u* —1 to get

(51)

u s —1\"" u s —1 u s —T1\"
Lp(xw,s):L(xw,us—l):< log ) <a0+a1( log 0 )+-~+an( log ) +

Differentiating gives

(52)

u=s —1 - _ 1 n
Lpr““ (xw,s) = (—1)""rgy! (ao + o ( ) +--ta, (u ) +-- )
logu

log
+( terms containing the factor (u™° —1))

And, evaluating at s = 0 gives

(53) Lyen) (xw, s) = (—=1)""renlag
Using eq. , the form F’ modulo 7"«"*! becomes
1
g’,EE 1 ’ '1~ Tan | - d Tan+1
1(1,xr7) s Qo L(xz",0) (mod 7 )
(=)L (xw, 0) 1
= E ] 7)o Tan | . d Tan+1
11, Xrr) - 7T o] L(xz,0) (mod 7 )
(54) = (—1)""E; (1, xp/ ) L5 0 (mod 7tentT)

Thus, the Hecke orbit of ¥’ depends on the Hecke orbit of E4(1,xg/). In partic-
ular, if t € ’I‘, then

tF = (=1)" v () (B (1, xr)) Lo (mod 7o)

Thus, we should analyse the action of the Hecke operators on the Eisenstein series
E;(1,xr/). We recall that

(55) TE (T, xr) = (T +x(D)E (T, %) [{np,
(56) WE; (T,xr/) = Ei(1,xz") [[norleR’

whereas for p € R we have

W B (T, xr) = E4 (T, Xr) + B4 (T, Xrruge))
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In general, if R" C J C S, and p € S, we have

E]U)X]U{P}) p g I)

57 U, — DE(1,x)) =
(57) (U, — DE (T, %) 0 vel

When [t np, we know that T,E(1,x) = (1+xe())E(1,x). From the definition of

the A-adic cyclotomic character we also have

1+xe()=14+x() (mod m)

Hence,
(58) TH = (1T+xe())H [1up,
(59) UH =K [[norleR

By the commutativity of Hecke operators, the same is true for ¥ and its Hecke
orbit ‘H. Hence, the homomorphism ¢ takes
(60) $(T)) = (T +xe(D) [{np,
(61) d(U) =1

Next, U, E(1,%x) = €(1,%x) OR U,, — 1 annihilates £(1,%). From eq. , we see
that 7t annihilates the image of (U, —1)J in H. And, from eq. , eq. we see
that the image of (U, — 1)°F is 0 in H. If we let ¢(Uy,) = 1+ €, then from our
observations, it is clear that

[[noreR

(62) e2 =0, e =0foralli

This almost finishes the search for the relations. We just have the last one. For
that, observe that

(63) [T(Uy, —1F =t-e((=1)"Eq(1,x5)L3pm™)  (mod m'en+)
i1

(64)
(65)

toe((—1) L mE(1,x))  (mod m'entT)
(—D)enLy e F  (mod mentT)

Thus, we have the relation

€1 €+ (=) LG, (x)men

in Endg/prant H. Combining these relations, we get a surjective A algebra
homomorphism

W; — ¢(T)QE
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To finish the proof we need to show that this map is injective as well. That is done
by counting dimensions both sides. Notice that W; has dimension 2" + v, — 1 as

E-vector space, generated by 1,71, 7t ..., 7*» ™! and the products [ €; for all non-

€]
empty subsets ] C R. We can show that that the corresponding 1, 7', 7, ..., mren™!
and the products [ [,

Endgpq/mran+1 H. To show this, it is enough to show that the images of JF under

€; are linearly independent in the endomormphism ring

the operators are linearly independent. As F, nF, 7T, ..., 'F vanish to differ-
ent orders less than r4,, the coefficients of these terms in any linear combination
have to be zero. And, modulo 7! the forms [Lig

Ei (1, xrup)7ter which we know are linearly independent. This finishes the proof.

€;F are some multiple of

3. General rank, case 2:R' =0, v;(W) =0

We assume that W has a zero at k = 1, i.e. Tan(X) > Tan(X"'). Let s =
Tan(X),t :=Tan(X""). Then, we can say that

ord, W=s—t>1
We define the A -algebra
Elm, ery...er,yl/In,
where

IWz = <7Ts>yt+13y(7-[_ y)) Tttw - yt) €iz> €T, €Y, €1 € + (_1 )Sﬁzn(X)ﬂs>

THEOREM 66. We have a A-algebra homomorphism

¢:T—-W,
such that
To—1+xe(l) + Xt = 131“ _8([))y [{np,
U.[v—>1+1_€([)y [|norleR
Up = 1+ e R={p1,...,p:}

3.1. Proof of theorem [66] Like in the previous proof, we will first construct
a homomorphism
W, - ¢(T)®E
and show that the above homomorphism is in fact an isomorphism.
First, fix a prime q { np such that x(q) # 1. Define the Hecke operator

Ty —1—xelq) =~

Y A @) () = Dym < T
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It can be shown that
(T, =1 = xela))3€ = (T, =1 = xe(@)&(1,3) = (T — 1 = xela))Ex (1,508((1 + T = 1)

+ 7t(Tg — T —xe(q))E(x, 1)]
=71 +xelq)E(1,x) — (1 +xelg)E,x)] —0+ml(x(q) + e(q))E(x, 1)
— (T+xe(@)Ex 1 IW  (mod ")

(66)
=n(x(q) — 1)1 —e(q))€(x, )W  (mod 7"~ *T)
Hence,
(67) YH = m€(x, W (mod 7= *)
Therefore,

L(xw)
L(x,0)

TH = (T+xe()E,x) — (1 +x(DE(1,x)G + (x() +e(MEXDHW

= (T +xe(D)ET,x) — +xs(l))E1(1,X)9% + (x(1) + e(0)E(x, W
+ (T+xe(MEMX W — (1 +xe(N)E(x, 1) (mod w~*T)
= (1+xe(D)H + (x() = 1) = e(D)EX, W (mod 7 +)

68) = (1+xe(mac+ XU ]31“ —eWyge  (mod mrent)

As a consequence,

(x( =11 —(D)

7T

O(T) =1+ xe(h) + Y

for [ 1 np.
Similarly, as x([) = 0 for [ | n, we have

U = (1 n 8([)71_ 1 Y> F (mod et
and
o) =1+ W1y
Again, as T,&(x, 1) = (x(q) + (q))&(x, 1) we have
(69) YE(x, 1) =mE(x, 1)
Also,

TYE(x, 1) = E(x,1) = Y?E(x, 1) (mod m'en*!)
Yrantle(x,1) =0  (mod o)
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Consequently, we get

(70) (MY —=Y)F =0 (mod m"~*")

(71) Yt F =0 (mod rent!)

Now, using eq.

(72) T WTF = 7 WE(1,x) + € (x, 1)W?  (mod 7" tT)
(73) Yren (W 4+ 1)F = (W + D (x, )W (mod 7'en*)

(74) (T W =Y (W +1)F =0 (mod 7o)

Where the last equation holds because £(1,%x) = E(x, 1) = E4(1,xs) (mod 7).
Next, we move on to the tricky operators U, where p € R. Like in the proof in

Case 1, we have
(75) (U, —1)’F=n(U,—1)F=0 (mod n'e~*)
(76) (U, —1YF=0 (modm")

For the last relation in Iy, , we again compute

T

[T, —na

i=1

(=1)7 1B (1,X5) Lo ()7 (mod 77 *)

(_] )ran+1£zn(x)(ﬂran _ yrcm)g_c (mod 7-[Tan+])

which eventually gives us

T

77 [, —-1F

i=1

We also note that

(—1)rent 1 L2 () (e — Y'en)3 (mod m'ert)

(78) Y H =1 Ee(x, Y)W =0 (mod e t)
(79) Y F =0 (mod 7t

where the first equivalence holds due to our assumption on s, t at the beginning of
this section.

Also,
(80) Y'H = nte(x, )W = 'WH  (mod et
which implies
(81) (MW —YYF =0 (mod =)

The calculations from eq. to eq. gives a surjective map W3 — ¢(TQE).
Our objective again is to show that this map in an injection as well. For this it
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suffices to show that the forms

[Ty, U{Y' ), U {H(um — 1)9}
i€ 04]CR
are linearly independent over E modulo 7tren*,

Take a linear combination of the forms stated above that sums to zero. We
wish to the show that the coefficients appearing in the combination are all zero.
Notice that F, 7T, ..., 'F have different orders of vanishing less than 7t"em and
so they must be linearly independent i.e., their coefficients in the combination must
vanish. Next, m**'F and Y'JF have the same orders of vanishing fori=1,...,t—1
and their leading terms are linearly independent. Hence, their coefficients are zero.
It remains to show that m°F and {H] EI(Llpj —1F }Q#JCR are linearly independent
over E. But, upto non-zero scalars, these forms are congruent to m'*E;(1,%;) for
() #£J € R. We have already seen in Case 1 that such forms are linearly independent.

This completes the proof in the second case.

4. General rank, case 3:R' = 0,v{(W) #0
We define the A()-algebra
Elm ey ... enyl/In,
where

IW3 = <7Tran+])yran+]>y(7t_y)> ﬁranw_yran(w_’_] )) 6123 €T €Y, €1 - €r+(_] )sﬁzn(X) (ﬂran_yran»

THEOREM 67. We have a A-algebra homomorphism

d)ZT—)Wg
such that
HD—1)(1—¢(I
T— 1+ xe(l) + (x(1 )TE al ))y [t np,
u[H1+1_;([)y [InorleR,
UP1H1+€i R:{ph---apr}

4.1. Proof of theorem [67] In the proof of Case 2, the computations till
eq. do not use the assumption on W and hence, we easily obtain a surjective

A -algebra homomorphism
W; - ¢(T)RE
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Again, we want to show that the above homomorphism is an injection. To show

that it suffices to prove that the forms

(i F e Y {YiF)en U {H(upj — 1)3—"}
i€] P#JCR
are linearly independent over E modulo 7e»*!. The proof of this is where we use

vi(W) # 0 crucially. The proof is same as in the previous case, and is given in
details in [DKV18| pp. 854-855].



CHAPTER 6

Construction of cohomology class

1. Galois Representations attached to Hida families
Recall the A-algebra homomorphism
¢:T—-W
where W = W1 =1,2,3. If we let my to be the maximal ideal of W, and m C T
the kernel of the composition
T W Wmy ~E

Let T () be the localisation of T at the prime ideal m. As Ty is Noetherian and
reduced, the total ring of fractions of the local ring T () embeds in L isomorphic to
the product of fields

t
(82) L=]]t
i=1

where Ly, is a finite extension of Frac(A) and corresponds to a cuspidal Hida eigen-
family H;.

For an integral ideal a C O, the normalised Fourier coefficient c(a,#;) is the
image in Ly, of the Hecke operator T,. These coefficients generate a A-subalgebra of
Ly, which we shall denote by Ay;,. The image of T(y,) under the injection T, — L
is the localisation of Ay, at a height one prime ideal my, lying above (T) C A. The
explicit form of the homomorphism ¢ gives us the following equivalences:

(83) c(LH) =1+%x(D) (mod my,,) for [{np
(84) c(bLHy) =1 (mod my,,) for [| np
Note that the congruences eq. hold for all H; appearing in the product

eq. (82). We will use the following result of Hida and Wiles in our construction for
cohomology class.

Remark 68 (Notation). For purposes of notational convenience, I will label H; with
the index 1. So, Hi will be denoted by i and Ly, = Li,my, = ny and so on.

THEOREM 69. There exists a continuous irreducible Galois representation

pi: Gr — GLo(Ly)
19
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where L is endowed with the A-adic topology (i.e. the topology generated by the
mazximal ideal (1te, T) of A, where 1t is the uniformiser of €) satisfying the following
conditions:

(1) pg is unramified outside np,
(2) for primes L np, the characteristic polynomial of py(Froby) is

(85) charpoly (pi(Frob))(x) = x* — (I, Hi)x + xe(I)

(3) for all p | p, the representation has a very specific form. More precisely,

—1
en; *

(86) onla, ~ [ X
0 Ni,p

where Ny : Gy — AJ, is unramified and niy(rec(@7')) = c(p,Hi). Here,
® € F is the uniformiser and rec : F — ng 1s the local Artin reciprocity

map.

Notice that locally we have a basis that makes the representation upper triangu-
lar as seen in eq. . And, globally we have a basis that makes the representation
diagonal. Our construction of cohomology class will crucially depend on the inter-
play between these local and global basis. Mazur calls this the Ribet wrench, and
also observes that this method fails if the global and local basis are the same. Thus,
we need to find the appropriate basis first that does not agree with the local bases.
And, we must also do this simultaneously for the H;s. To this effect, we will record
the following technical lemma which is proven in [DKV1§]

Lemma 70. [[DKV18, Lemma 4.3, pp. 860]] Let vi, € L} be a vector in the
representation p; that is an eigenvector for pi(Gy). Then, there exists a T € Gr such
that x(t) # 1 and such that viy is not an eigenvector for pi(G,) for alli=1,...,t
and p € R.

Next, let T be the image of T in T ). The product of the Galois representations

pi for i =1,...,t gives a continuous Galois representation
P: Gr — GLz(L)
satisfying

(1) p is unramified outside np,
(2) for primes [{np, the characteristic polynomial of py (Froby) is

(87) charpoly(p(Frob;))(x) = x* — Tix + xe(l)

where Ty is the image of T; in T.



1. GALOIS REPRESENTATIONS ATTACHED TO HIDA FAMILIES 51

(3) for all p | p, the representation has a very specific form. More precisely,

-1
XEn *
88 ~ 4
( ) p|Gp < 0 ﬂp)

where 1, : G, — A}, is unramified and n,(rec(@® ")) = U,. Here, @ € Fis

the uniformiser and rec: F — ng is the local Artin reciprocity map.

Let T, denote the completion of Ty at its maximal ideal. As a consequence of
Hensel’s lemma, we can find distinct Aq,A; € T,,, and a basis such that

(59) pl) = (A‘ M)

for the T obtained in lemma [70l
For o € Gy, let

(90) o(0) = (“(“)) b“g)

Using the eq. , 1+ x(0) = T, (mod m) and Cebotarev’s density theorem
(we can apply because T and m C T are finitely generated A-modules and as p is
continuous they are closed in the A-adic topology) it follows that

(91) a(o) +d(c) e TC Ty
and
(92) a(o) +d(oc) =1+x(o) (mod mT)

If m = mT,, be the maximal ideal of T,,. From eq. we have
(93) a(t)=A =1 (modm)
(94) d(1) =\ =x(1) (mod )
We also have
(95) 1+x(0)x(t) = a(ot) + d(ot) (mod m)
(96) = a(o) +d(o)x(t) (mod m)
where eq. follows from eq. and eq. follows from eq. ,eq. .
From eq. and eq. we can conclude that
(97) a(o) =1 (mod m)
(98) d(o) = x(0) (mod )

Next, let B be the T,-submodule generated by b(o) where o € Gf. B is in fact a
finitely generated T,-module. Indeed, suppose By is the T(y)-submodule generated



2. LOCAL BEHAVIOUR OF THE COHOMOLOGY CLASS 52

by b(o) where 0 € Gr. As p is continuous and Gy is compact, By must be compact,
hence finitely generated as T (y)-submodule. And as a result, C is finitely generated
as Ty-submodule. Define the E-vector space

B :=B/mB
For 0,0’ € Gf, we have the relation:
(99) b(oo’) =a
(100) =b(0’) + x(0")b(0)
Define the function
(101) k(o) :=b(o)x'(0)
where b is the image of b in B. Then, from eq.
(102) k(oo’) =x'(0)b(a")x ' (b') + b(o)x ' (0)
(103) =o0-k(0') +«(0)

From eq. 1) it is clear that [k] is an element of H'(Gr, B(x ™).
This finishes our construction of the cohomology class. In the next section, we
will study it in more detail and see what happens in the local bases.

2. Local behaviour of the cohomology class
Recall the cohomology class [k] € H'(Gr, B(x™')) defined via
k(o) =b(a)x'(b)

For each prime p | p, there is a basis for which the matrix plg, has the form

p e
the mentioned local basis to the global basis as constructed in eq. . More

concretely, this means

(104) a(o) b(o)) (Ay By _ (A, B, Xen,'  *
c(o) d(o) C, D, C, D, 0 Mp

for all 0 € Gy. The first observation is that

A, B
eq. . Let (Cp Dp € GL;(L,) be the change of basis matrix that transforms

Lemma 71. The elements Ay, C, are invertible.
ProoOF. This is because of the choice of T we have made in lemma [70l O

On comparing the top left entry on both sides, we obtain

Aya(o) +b(0)C, = Apxen;1
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(105) b(o) = & (xem," ~ (o)

for all o € Gy.

Lemma 72. The cohomology class (k] € H' (G, B(x ")) is unramified outside R.
PRrOOF. [DKV18|, Lemma 4.7, pp. 864] O

Lemma 73. Let R = {py,...,p:}. We have

Ay Ay,
BC Mgy g g
Cpl Cpr

ProoF. [DKV18|, Lemma 4.9, pp. 865] O



CHAPTER 7

Gross-Stark regulator computation

1. The homomorphism ¢,

W is a local Artin ring which is complete with respect to its maximal ideal my,

as m{,(‘,““

= 0. Hence, the homomorphism ¢ : T — W extends canonically to a
surjective homomorphism

G T = W

In Cases 2 and 3, we define a modified cyclotomic character which Dasgupta-
Kakde-Ventullo call the A-adic cyclotomic character in the variable y:

€y ! GF — WX
to be sending oinGr to
(106) gy(0) = Z ay'
i=0
e(o) —1
107 S I .
(107) Y

where a;s are defined as ) °, ay7t' := ¢(0), and ap = 1.

As y is nilpotent, the sum is in fact finite. And, the second relation holds using
the relation 7ty = y? in W,, Ws.

Define e,y similarly and also define two homomorphisms

Y1,y G — WX

via
1 Case 1
Pi(0) =
gy(o) Case 2,3
and
xe(o) Case 1
Py(0) =

X€ny Case 2,3

The main result of this section that will come handy when computing the regu-

lator is

Proposition 74. We have
(108) Pu(a(0)) = 1 (o)

54
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(109) Pm(d(o)) = P2(0)
PROOF. For [{np, we have
(110) G (Ty) = Y1 (Froby) + P2 (Froby)

This implies

(111) dulalo) +d(o)) =Pi(0) +2(0)

for all o € Gy. Using the relation my = y* we have
(m—y)=m—y’
(m—y)’ =m -y’

(m—y)?=n'—y'

And thus for all o € Gf, we have

Eryl(0) =€(0) +1—¢y(0)

B e(o) —1
=el0)———y
cy(@)en4(0) = - bre(0) — y(e(o) — )] b+ y(e(o) — 1)
1
=3 [7Pe(0) —y?(e(0) — 1) +y?e(0) (e(0) — 1) —y?(e(0) — 1)7]
= % [7Pe(0) —y’e(0) + y* +y’e(0)’ —yPe(0) —yPe(0)? —y? + 2y’e
1
=3 e(0)
(112) — ¢(0)
And thus,
(113) Py = xe
Using the fact that 1y =1 (mod my,) and P, =¥ (mod myy), and
(114) $w(charpoly(p(0))(x)) = (x — 1 (0))(x —2(0))
which follows from eq. (113)), eq. (L11]), we have
(115) GulA1) =1(7)
(116) bulA2) = b2(7)

In eq. (111)), put o7 instead of o to get
dumlalo))i(T) + dn(d(o))ba(T)
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(117) =V1(07T) +P2(07)
From eq. (111)) and eq. (117]), we obtain our conclusion. O

2. Proof of L.n(x) = R,(x) for Cases 1,2 and 3

This section just follows the paper [DKV18|. If not stated otherwise, p; will be
replaced by just the index 1i, i.e., if there was supposed to be subscript p;, we shall
just use the subscript 1.

Recall that we had ws,...,u, an E-basis of U,. As a result of ?? and lemma [72]

we have

T

(118) Zres,Ji k(u)) =01in B

i=1
for j =1,...,r, and « is the cohomology class constructed in previous chapter. As
y; € U,, it can be written as

(119) W= Yy ® e
k

where yjx € Oull/p]* and ey € E. This is can be done for each j. For each
i=1,...,1 let yj(l? € Gy, such that reci(ys) = yj(l?. Noting that x(G,,) =1, it
follows from definition that

(120) res; K('LL)) = B(o-ij)

Hence, the orthogonality relation in eq. (118)) becomes (using [120))

(121) Zb(O'ij)Et/ﬁB foreach j=1,...,r

i=1

Using eq. (105)) we have
Ai (G i
(122) b(oy) =D e . <€Tli 1(9;2) - a(yj(k))>
k 1
If we let I the kernel of the homomorphism ¢, : T, — W, then we have
n (y) = g™ =1 4 oi(yp) (Up, — 1) (mod I)

(123) elyy) =1+ bilyp)m  (mod )
(124) alyy) =1+ al(y)  (mod (@ 1))
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where a’(yj) € m is an element such that

0 Case 1

dulai(yj)) =
* Gi(yp)y  Cases 2,3

Next,

(125) en; ' (yp) — a(yy) = Glypdm+ oi(yp) (Up, — 1) — af(yz)  (mod (W%1))
Thus, eq. m ) becomes

(126) b(oy) Z ejk - i (ysi) 7+ oi(yj) (Up, — 1) — af (yj) + my)
for some my; € (m?, I). Next, from [73] we have
Z €jk - Ei(yji) 7+ o (yjic) (Up, — 1) — af(yji) + myy) =0

after changing my by elements of m is necessary. Consider the matrix

(% ()t + o3(aws) (Up, — 1) — /(1) + mﬁ))

1,j=T1,...,T

The rows of the matrix above sum to zero and hence its determinant must be
zero. If we apply the homomorphism ¢, to the determinant relation of the above
matrix, we get the following equations in the ring W.

(127) det(€;(w)m + oi(w) ey +ny;) = 0 for Case 1
(128) det (€ (u;)(m —y) + oi(u) e + nyj) = 0 for Cases 2,3

with T S m\z,v
Now, let us finish the proof in Case 1 using the relations in W;. Notice the

following relations modulo my,:
0 = det (8 ()7 + oi(uj)ei)  (mod mi}")
(129) = det (£ ()" + det(oi(u))er -+,  (mod mi}")
(130) = det (£ ()7 + det(oi(w)) (=1)" L5 (x)T™  (mod miy')

Finally, we can break it into two cases:

T =Tan: Then, Lon(x) = £, (x) and as T ¢ m}};', we conclude that

Lan = (—1)" det(i(v;))/ det(0i(1)) = Ry (x)

as we wanted.
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Tan > 11 Here, e = 0 (mod mi;'), and hence eq. l’ becomes det(f;(u;)) =0
because of which R,(x) = 0. As Laon(X) = 0 as well in this case, we again
have the equality.

This concludes the proof.

3. Proof of Lu(x') =R,(x") for Case 3

Here, we mostly repeat the arguments from previous chapter and previous sec-
tions of this chapter. While constructing the cohomology class, we were looking at
the top right entry and hence the b-cocycle, here instead we will look at the bottom
right entry and get the c-cocyle.

Let C be the finitely generate T, submodule generated by the elements c(o) for
o € Gr. As before, let C = C/mC. For 0,0’ € Gf we have the equation

c(oo’) =c(o)a(o) + d(o)c(0’)
As a consequence, we can define the cohomology class
[kl € H'(GF, C(x))

as before. When we analyse the local behaviour we get the relation :

C _
c(o) = == (xen, ' (0) — d(0))
p
for o € G,.
It can be shown that c A
Ccc=m R
N AF‘] h - * Cprh

where b = by (yW)
As ¢ (d(0)) = Xeny(0) we have
bm(xen; ' (0) — d(0)) = &y — 1 + 0i(T)e;
for 0 € G, and rec,(6) = o. Like in the previous section, we have the relation
(131) det(li(w)y + oi(u)e; +ny) =0
with ny; € mwh. Arguing as before, we have the congruence
(132) 0 = det(€i(w))y" + det (o (w)) (1)L, (x)m"*  (mod mwh")

In the ring W3, there is a relation

yt — WT(t — (_] )stﬁfz{)((Xz)ﬁs

which allows us to rewrite eq. (132)) as
(133) 0 = det (& (w))y" + det(oi(uy)) (-1 )L (x Nyt (mod myh")
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The congruence yields an equality in the one dimensional E-vector space h"/mwh".

Again,
t=1 L, (X) = Lan(x) and we eq. (133)) becomes
0 = det (€ (1)) + det (0 () (=) Lan(x ")

t> 1 y' € myh" and eq. (133) gives det(€;(u;)) = 0 because of which R, (x™') = 0.
As Lan(x7') =0 as well in this case, we again have the equality.



APPENDIX A

Dedekind Zeta Function

Let k be a number field, S a finite set of places of k containing the infinite places
Se of k. Then, define the Dedekind zeta function for Re(s) > 1 by

(134) Gls) = Gus(8) = [J -9 ' = Y ]

Nas
PZSoo 0#a<10x a

and more generally

(135) Gsls) =0 -N ' = Y

Nas
pES 0#£a<d0y
ged(a,p)=1V peS

The function above can be meromorphically continued to all of s € C. The
functional equation is discussed in Appendix F.
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APPENDIX B

Abelian [-functions

References for this section is [Tat84] §1], [Mar77).

Let k be a number field, S a finite set of places of k containing the infinite places
S« of k. Let x be a complex valued function on the ideals of the ring of integers of
k. Define the L-function formally by

(136) Lis,x) = [] (0 —x(p)Np ) X

PEZSeo 0#a<1(’)k

If x satisfies the asymptotic condition x(a) = O(Na®) for o € R, then L(s,X)
converges for Re(s) > 1+ o.

For example, when k = Q, we have the Dirichlet characters x : (Z/fZ)* — C*
for f € Z>,. The character can be extended to all of Z by letting x(a) = 0 if
ged(a, f) # 1. For a general k, fix an integral ideal f of k and consider the exact
sequence

0 —— O a4 > 1 y Gy > 0

where
OfX =xe O :x=1 mod f}
ki ={x€k*:x=1 mod f}
[[={acl:a=1 mod f}
and C; the quotient of I; by the principal ideals generated by elements of kfx. We
want to get a character of I; through a character of C;

For k = Q, we have C; = (Z/fZ)* /{£1} which does not really correspond to the
Dirichlet characters we started with. We thus have to take into consideration the
question of sign: if T is a set of real places of k, we denote by kffT (resp. OffT) the
elements of k*(resp. O;°) that are positive for all places of T. Let Cjr denote the

quotient of I; by the image of k;T. This is a finite group. To summarise, we have
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the following commutative diagram whose rows and columns are exact:

2
0 » OF > ki > 1 » Cr > 0
T N
0 > O[X > k; y I » Cir > 0
[ '\
0 0 0 (O/f)x{\lm((’)?)
0

A homomorphism x : C;t — C* is seen as a function on I by letting x(a) = 0 if
a is not coprime to f. We thus have

L(s,x) = [ [ = x(p)Np~)~"
pif
The above product converges for Re(s) > 1.
We say that x : Cr, — C* is primitive (where fr is the conductor of x), if for all
f'If and T C T, there exists a x’ such that the following diagram commutes:

Coy — Cf’

\l

implying f" = f, T’ = T. By abuse of language, from now on we say L(s,X) is
primitive if x is. Consider a function L(s,x) non-primitive if it removes a few Euler
factors.

We know how to analytically continue L(s,x) to the entire complex plane with
a functional equation, cf. Appendix F. If x =1, L(s,x) is equal to Cx or one of (g
depending on whether f =1 or not. If x # 1, we know that L(s,x) is holomorphic
and L(1,%x) #0.

In terms of ideles The xs constructed correspond to continuous homomorphisms
AS — S' of finite order and trivial on principal ideals of k*. In effect, an idele
(xy) € A corresponds to an ideal J; generated by the components x, for p | f.

We are not going to, in these notes, concern ourselves with the more general quasi-

characters of A} .
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The theory of ray class fields establishes, for all pair (f,T) as before, the exis-

tence of an unique abelian extension K¢t of k- namely ray class field f - such that
the following three conditions are satisfied:
(1) A prime ideal p of k ramifies in K¢y if and only if p | f.
Notation: If K/k is an abelian extension with a finite Galois group G,
p a place of k that does not ramify in K/k and B a place of K that divides

p, then we note that <Ki/k) is an unique element of Gy C G (see below)

whose reduction modulo B is the automorphism x — x"?P on the residue
field of P. As G is abelian, the above depends only on p.

(2) The map p — (

induces an isomorphism-namely the Artin reci-

Ker/k
procity :

Py : Crr — Gal(Ke1/K)
(3) The norm Ny, ;@ of each ideal a # 0 from K1 prime to f is a principal
ideal generated by an element of kfX’T.

Moreover, for each finite abelian extension K/k, the Galois group G, there exists
a pair (f, T) chosen minimally (called the conductor of ) K/k such that

(1) K< Ksr;
(2) The surjection Py : Crr Y, Gal(K¢r/k) — G is induced from the map
P,
(3) The kernel ker P forms the class of representatives of the norms of the
ideals of K.

By G we denote the characters (of dimension T) of the group G. Thanks to Py s,
the elements of G can be interpreted as a character of the type envisaged in earlier
section. The conductor of x € G is then that of the fixed field of kerx € G. By
writing primitive functions everywhere, we prove the following decomposition ([see
CF10, p. 217]; [We195, pp. XII1-10]):

(137) Ck(s) =] JLis,x) = akls) [ [ Lis,x)

XGG X#1



APPENDIX C

Linear representations of finite groups

The reference for this section is [Ser77]

Suppose G is a group of finite order g and E a field of characteristic 0. An
E-linear representation of G is a homomorphism p : G — GL(V), for a vector space
V over E. This amounts to providing V with an E[G]-module structure. We can
therefore simply talk about the representation V of G.

The character of the representation p is a function x =%, : G — E, such that
the trace equals that of action of the automorphism p(x) (x € G) on E. This is
a class function (i.e., X(xyx™') = x(y) V x,y € G) with x(1) = dimV. It takes
its values on a cyclotomic extension of Q contained in E. We denote by a — a*
the automorphism of the cyclotomic extension of Q induced by the substitution
(+— 7" of roots of unity. For E C C, we find that a* = a (complex conjugation).
Likewise, we write x* (or X, if E C C) for the character obtained by conjugating the
values of x. Two representations of G are isomorphic if and only if they have the
same character. This follows from the orthogonality relations between irreducible
characters of G (= characters of representations with no proper G-stable subspace),
relative to the following scalar product :

e = Y xaloii(o) = - 3 xi(ohalo )

0eG 0eG
We note that 1 : G — E is just the trivial character corresponding to the dimension
of dimension 1. A wirtual character of G in E is a combination of Z-linear characters
of G attached to the representations of G in E.

Properties of (-, )¢

Here, the arguments of the scalar product will be that of virtual characters.

(1) (x1,x2)6 € Z
(2) (1 +X2 X306 = (X1, X3)6 + (X2, X3)6

(X1, X2)6 = (X2, X1)6 = (X1X3, Le)a
(3) Frobenius Reciprocity

Suppose H is a subgroup of G of order h; 1 a virtual character of H

and x a virtual character of G. So,

<¢>X|H>H = <Indg 11)) X>G
64
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1
Here, for o € G, Ind§ (o) = - EGZ Epr(T1 oT)
It is the function induced on G ’by V. If P is the character of the rep-
resentation H — GL(W), then Ind1 is that of the induced representation

E[G] ®emy W of G.

Given an E[G]-module V and a subgroup H of G, we let V"' ={x € V: ox =
x Vo € H}. If W is also an E[G]-module, the action of G on V ® W is given
by o(x ® y) = ox ® oy and on Home(V,W) by (of)(x) = o(f(0'x)) so that
Homgg (V, W) = Homg (V, W)C. If V (resp. W) is a representation of G over E of the
character x (resp. V), then x is a character of V&g W while the one of Homg (V, W)
is x*U. In fact, we have V®g W ~ Homg (V*, W) where V* = Homg (V, E) is the dual
of V. According to what we have said, the conjugate character x* of the character
X is attached to the action of G on V.

From now onwards, the group G given will be the Galois group of the finite
extension K/k of global fields. We will always assume the action of G is on the left.
However, we sometimes write a’ instead of oa ( for 0 € G,a € K). In these cases,
the reader should be accustomed to the formula a®* = (a'*)? for o,T € G,a € K.

If wis a place of K, G,, is used to denote the decomposition group of w with
respect to K/k, i.e., G, ={0 € G : ow = w}. If w is non-archimedean, I,, is used
to denote the inertia group of w, formed by the elements of G,, that induces trivial
automorphism on the residual extension. So, if v is the restriction of w in k, the
Galois group of the residual extension of w/v is identified with G,, /I, and one notes
that oy, € G,,/1,, is the Frobenius automorphism (elevating to a power of Nv on the
residue field of w). o,, generates G,, /1.

If w is archimedean, we sometimes write o,, for the unique generator of G,,. In
fact, in the case G,, is of order 2 or 1T depending on whether w is complex extension

of a real place or not.



APPENDIX D

Definition and properties of Artin [-functions

Suppose K/k is a finite Galois extension of number fields with Galois group G.
Let x : G — C be a character of a complex representation G — GL(V). With the
notations as in the previous section, for each place B of K, the element op € Gy /Iy
acts on V. Note that, for Re(s) > 1,

(138) L(s,V) = ] [ det(1 — opNp—[V'¥) "
p

where p denotes a finite place of k and for each p, B is a place of K dividing p
(arbitrarily chosen). The oy given are conjugates of each other, thus the value
of the ”characteristic polynomial” of oy appearing as a member in the product is
independent of the choice of .

The same argument shows that L(s,V) remains unchanged if change V by an
isomorphic representation. We can therefore write L(s, %) without ambiguity instead
of L(s,V). In fact, here is an explicit formula due to Artin which depends only on

X:

(139) logL(s,x) =) _ Z = ans

p n=l
1
where X(0%) = > x(1)

Formal properties:

Once we have shown analytic continuation of L(s,%X), the following properties
become valid for all s € C.

(1) Additivity
L(s,x1 +x2) = L(s,x1) + L(s,x2)
(2) Induction
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K
H‘ For a subgroup H of G and a character x of H, denote by
K/ Indx the character of G induced from x. So,

| L(s, Indf; x) = L(s,x)

k

(3) Inflation

]‘( For a quotient G’ = G/H where H is a distinct subgroup
H

of G and x a character of G’, denote by Inflx the character
Kk’ G- G/HSC. So,

L(s, Inﬂg/HX) =L(s,x)

(4) If x(1) = 1, that is to say that V is of dimension 1, the homomorphism
x : G — CX* factorises through the abelianisation G of G.



APPENDIX E

A theorem of Brauer and Artin’s conjecture

A character of G is termed monomial if it is induced by a character of degree
1 of a subgroup of G. The theorem of Brauer affirms that all characters of G are
integral linear combination of irreducible monomial characters.

Thanks to our discussion in last section, we can deduce that each Artin L-function

JTL(s, 0™

with n; € Z and 1; is a character of degree \;(1) = 1 of a suitable subgroup H; of

can be written in the form

G. On applying the induction property, we can pass to a quotient H; of ker;, so
that {; becomes a character of cyclic group.

Let x be a character of a complex representation of G. One cannot always
impose on the integers n; to be positive. Nevertheless, this decomposition tells us
that L(s,x) has an analytic continuation to a meromorphic function defined on the
entire complex plane.

The conjecture due to Artin says that L(s,X) is an entire function, if x does not
contain the trivial character 1g ([Mar77, pp. I-5]).
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APPENDIX F

Functional equation

The main references for this section is [Wei95]|God95a][God95b|

Let x be a character of a complex representation of G = Gal(K/k).

To begin, complete L(s,x) with the gamma factors corresponding to the infinite
places of k. Let

Ie(s) = 720(3)

le(s) =Tr(s)Tr(s + 1) =2 (271)°T'(s)

For each infinite place v of k, choose a place w of K lying above v. If G,, has order
2 (cf. 1.4.4), let x_ be a non-trivial character. In any case, put x,. = ¥¢g,, and write

XlG., =Ny (W)xs +n_(w)x-

So we have n, (W) = dim V and n_(w) = Codim V. Using this decomposition, the
local factor Ly does not depend on our choice of w, and is defined by the additivity
Lv(s,x:) =Tc(s) if V' is complex

from the formulas : < Ly(s,x.) = I&(s) if V is real

Lv(s,x_) =Tr(s+ 1) if Vis real
If r, is the number of complex places of k, we set

a; = aq (X) = Zv real dim VGW
a = (X) = Zv\oo Codim VGW = Zv real Codim VGW
n =[k:Q = glailx) + ax(x) +2rx(1))
More explicitly,
a
o) [T tulsyx) =200y impoaings per (41
v]oo

Note that we have a;(x) = ai(X) fori=1,2,...

If p is a finite place of k, choose a place P of K such that Plp. If Iy = Gy 2
G; 2 Gy 2 - - be the sequence of ramification groups of B/p (|Ser79, ch. IV]). We
denote by g; the cardinality of G; and put

= 9i . Gi
141 f(x,p) = = Codim V™t
(141) % %

69



F. FUNCTIONAL EQUATION 70

This number does not depend on the choice of ¥ and we can show that it is a
rational integer ([Ser79, see VI-2]). As we trivially have f(x,p) = 0 if p does not
ramify in K/k, we can define the Artin conductor of x by

(142) f(x) = pr(x,pJ
P

where p denotes all the finite places (prime ideals) of k
We put, with the notations as before:

(143) Als,x) = {1ddXINF)I T T Lv(s, x)L(s,%)
v]oo

where |dy| € Q is the value of the absolute discriminant of k over Q; Nf(x) > 0 the
absolute norm of f(x); and for a real positive & and z € C, we put (here and then)
o = exp(zlog &) with log & € R.

So, the functional equation of L(s,x) can be written as

(144) AT —=s,x) = W(x)A(s, X)

with a constant W(x) € C* of modulus 1.

The constant W/(x)-named ” Artin’s Wurzelzahl” is written as

(145) W(x) = Woo (x)T(X) (NF(x)) /2

where Wy (x) = H {Codim Ve _ 3-a200 anq the complex constants T(¥) are charac-
v]oo
terised by the following formalism :

(1) t(x1 +x2) = t(x1)T(x2) 0
(2) T(IndS(x)) = T(x) ((Nk/@p(k//k))1/zim(k'/k)>x

K

H‘ where D(k’/k) is the discriminant ideal of k’ on k and
K’/ m(k’/k) = #v' : v/|co : v’ is a place of K/, G,/ (k’/k) #
‘ {11

k

(3) If x is of dimension 1, we interpret accordingly as a Dirichlet character of
k, so T(x) is a Gauss sum involved in the functional equation of the abelian
L-function (see [MaD], II-2 for the explicit local formulas).

Note that ([Mar77]) we have W (X) = Wx(x) and f(X) = f(x). Finally, we

will rewrite the explicit functional equation by using the following identity ([Mar77,
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p. 49]):

Nf(x)'"?
T(X)Weo (X)
The sign of the discriminant dy € Q is (—1)™. We put

(146) Wi(x) =

Vd =1i?d]"? e C

With all the notations, here is a explicit version of the functional equation :

zrzxmi(“ﬁw”lﬂvznxm( r(s) )TZX“)< r(s/2) )“‘
(147) L(1—s,%x) = G ri—s) F((1=5)/2)
M((1+5)/2) _
<r((2—2)/2)> B*L(s,X)

where B is a non-zero positive real.

Let us write c(X) (resp. c¢i(x)) for the first non-zero coefficient in the Laurent
series expansion of L(s,%X) (resp. L(s,x)) at s =0 (resp. s = 1) and let 11(x) be the
multiplicity of L(s,x) at s = 1. Letting s — 0 in equation for L(1T —s,x), we can
finally obtain (recall that I'(1/2) = 7t'/? and that " has a simple pole with residue 1
at s =0):

(148) 100 _ gy graxtiyea o ()T
e Thovar”
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